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POSITIVE FLOW-SPINES AND CONTACT 3-MANIFOLDS
IPPEI ISHII, MASAHARU ISHIKAWA, YUYA KODA, AND HIRONOBU NAOE
Abstract. We say that a contact structure on a closed, connected, oriented, smooth
3-manifold is supported by a flow-spine if it has a contact form whose Reeb flow is a
flow of the flow-spine. We then define a map from the set of positive flow-spines to the
set of contact 3-manifolds up to contactomorphism by sending a positive flow-spine to
the supported contact 3-manifold and show that this map is well-defined and surjective.
We also determine the contact 3-manifolds supported by positive flow-spines with up
to 3 vertices. As an application, we introduce the complexity for contact 3-manifolds
and determine the contact 3-manifolds with complexity up to 3.
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1. Introduction
Triangulation is one of the basic tools to analyze topological manifolds and, in 3-
dimensional manifold theory, it is often used to understand geometric and combinatorial
structures like ideal triangulations in hyperbolic geometry, normal surfaces for decom-
position of 3-manifolds and quantum invariants based on the 6j-symbols. The dual of a
triangulation is a polyhedron with simple vertices. It also has many applications such as
branched surfaces for studying laminations and foliations and effective calculus of vari-
ous invariants. A spine is a 2-dimensional polyhedron embedded in a closed 3-manifold
obtained from the manifold by removing an open ball and collapsing it from the bound-
ary. For instance, the 2-skeleton of the dual of a one-vertex triangulation is a spine.
There are several useful aspects of spines. One is the tabulation of 3-manifolds using
the complexity of almost-simple spines due to Matveev [41, 42]. Tabulation is a kind of
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classification and plays an important role as a treasury of concrete examples that lead
us to deep understanding of research object, like the knot table in knot theory. Various
studies on the Matveev complexity are ongoing as studies of those of lens spaces and
certain hyperbolic manifolds [1, 15, 29, 30, 31, 32, 47, 54, 55].
Another aspect of spines can be found in the study of non-singular flows in 3-manifolds.
For a given non-singular flow, set a disk transverse to the flow and intersecting all orbits,
and then float the boundary of the disk smoothly until it arrives in the disk itself.
The object obtained in this way is a spine equipped with a special structure, called
a flow-spine. A flow-spine was introduced by the first author in [26] and developed
further in [27, 11]. This is very useful when one studies non-singular flow combinatorially
since any non-singular flow has a flow-spine [26]. A spine is described by a decorated
trivalent graph on S2 called the DS-diagram, that was introduced in a paper of Ikeda
and Inoue [25]. The DS is an abbreviation of Dehn-Seifert. A flow-spine is described
by a DS-diagram with a specified simple loop called an E-cycle. Flow-spines are also
studied by Benedetti and Petronio in [2] in the context of branched standard spines.
A contact structure is a hyperplane distribution that is non-integrable everywhere. In
this paper, all 3-manifolds are oriented, and contact structures are always assumed to be
positive, that is, a contact form α satisfies α∧ dα > 0 with respect to the orientation on
the ambient 3-manifold. Flexibility of contact structures allows us to study them com-
binatorially, especially in the 3-dimensional case. Martinet and Lutz developed Dehn
surgery technique for contact 3-manifolds [40, 39], and Thurston and Winkelnkemper re-
lated contact structures to open book decompositions of 3-manifolds [52]. Tightness and
fillability were introduced and studied by Bennequin [4], Eliashberg [7, 8, 9], Gromov [21]
and many other mathematicians. Great progress had been made by Giroux. There are
two big directions in his works on 3-dimensional contact topology: one is convex surface
theory [17] and the other is the so-called Giroux correspondence [19]. Convex surface
theory allows us to use cut-and-paste methods for studying contact 3-manifolds more
flexibly. This technique is mainly used when one studies classification of tight contact
structures on 3-manifolds. The most famous application is the existence of a closed,
orientable 3-manifold that does not admit a tight contact structure due to Etnyre and
Honda [14]. The Giroux correspondence gives us an easy way to “see” contact struc-
tures via open book decompositions, and it is especially useful when one wants to show
Stein fillability of contact structures given in terms of open books. Branched surfaces
are sometimes used in the study of contact structures, see for instance [3, 6].
The aim of this paper is to relate triangulation of 3-manifolds to contact structures
via flow-spines, by regarding Reeb flows as flows of flow-spines. This idea had appeared
in the paper of Benedetti and Petronio [3]. They focused on the characteristic foliation
on a branched standard spine embedded in a contact 3-manifold and studied the contact
structure using techniques in convex surface theory of Giroux. The point is that they
did not use Reeb vector fields so much since convex surface theory uses rather contact
vector fields. In this paper, we focus on Reeb flows more and define the correspondence
between flow-spines and contact structures as follows:
Definition. (1) A flow F is said to be carried by a flow-spine P if F is a flow of P .
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(2) A contact structure ξ on M is said to be supported by a flow-spine P if there
exists a contact form α on M such that ξ = kerα and its Reeb flow is carried by
P .
To our aim, we need to introduce a notion of positivity for flow-spines. Each region
of a flow-spine is canonically oriented since it is transverse to the flow. This structure is
called a branching. A branched simple polyhedron has two kinds of vertices: the vertex
on the left in Figure 1 is said to be of `-type and the one on the right is of r-type. We
define a flow-spine to be positive if it has at least one vertex and all vertices are of `-
type1. An essential reason for concerning this condition is that we cannot expect one of
the existence and the uniqueness of a contact manifold for a given flow-spine without this
condition, see Theorem 4.3. Another reason, which is more technical, is that a 1-form
called a reference 1-form, which plays a key role in the proof of Theorem 1.1, cannot be
defined unless we restrict flow-spines to positive ones.
`-type r-type
Figure 1. Vertices of `-type and r-type. Here, the ambient space is
equipped with the right-handed orientation.
With these observations, we restrict our attention to positive flow-spines. Our main
theorems are the following.
Theorem 1.1. For any positive flow-spine P of a closed, oriented 3-manifold M , there
exists a unique contact structure supported by P up to isotopy.
Recall that two contact structures ξ0 and ξ1 are said to be isotopic if there exists a
one-parameter family of contact forms connecting two contact forms α0 and α1 whose
kernel are ξ0 and ξ1, respectively. In particular, (M, ξ0) and (M, ξ1) are contactomorphic
by Gray’s stability [20].
Theorem 1.2. For any closed, connected, oriented contact 3-manifold (M, ξ), there
exists a positive flow-spine P of M that supports ξ.
These theorems show the existence of the surjection
{Positive flow-spines of M}/isotopy→ {Contact structures on M}/isotopy
for any closed, connected, oriented, smooth 3-manifold M and the surjection
{Positive flow-spines}/homeomorphism
→ {Contact 3-manifolds}/contactomorphism.(1.1)
1 In Section 3.3, two flow-spines P+(F ,Σ) and P−(F ,Σ) are obtained from a normal pair (F ,Σ).
In [26], P+(F ,Σ) is called a positive flow-spine and P−(F ,Σ) is a negative one. The positivity for
flow-spines introduced in this paper is different from the one for P+(F ,Σ) introduced in [26].
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To get the one-to-one correspondence, we need to find suitable moves of positive flow-
spines. Moves of flow-spines are known in [27, 2, 11]. However moves of positive flow-
spines have never been studied. Such moves are very rare since most known moves
for flow-spines yield r-type vertices. Theorem 1.2 implies that any flow-spine can be
deformed to a positive one by regular moves, see Corollary 8.3.
To prove Theorem 1.1, we first give a reference 1-form η on the 3-manifold M with
respect to the flow-spine P explicitly and then consider a contact form on M of the
form βˆ + Rη, where βˆ is a 1-form defined by extending a 1-form β on P with dβ > 0
to the complement M \ P and R is a sufficiently large positive real number. This is
analogous to the contact form (1 − t)β + tφ∗β + Rdt for open books used by Thurston
and Winkelnkemper and then in the Giroux correspondence, where φ is the monodromy
diffeomorphism and t ∈ S1 is the parameter of pages of the open book. The discussion
in the open book case is easier because dt is closed. In the case of flow-spine, although
η is not closed, it satisfies η ∧ dη ≥ 0, that is, it gives a confoliation [10]. We use the
positivity of flow-spines to get this property. Then Theorem 1.1 follows by the same
strategy as the Giroux correspondence though the argument is much more complicated.
Theorem 1.2 is proved by giving a positive flow-spine explicitly. In the proof, we first
use the existence of an open book for a given contact 3-manifold, due to Giroux, and
then make a positive flow-spine from the open book. The proof is done by showing that
the contact structure supported by this flow-spine is isotopic to the original one.
The second surjection (1.1) obtained from our main theorems allows us to define the
complexity for contact 3-manifolds as the Matveev complexity for usual 3-manifolds.
That is, we define the complexity c(M, ξ) of a contact 3-manifold (M, ξ) to be the
minimum number of vertices of positive flow-spines supporting ξ, where M is a closed,
connected, oriented 3-manifold and ξ is a contact structure on M . In the final part
of this paper we determine the supported contact structures of several positive flow-
spines. To determine them, we read off the Seifert fibrations from their DS-diagrams
and use branched cover technique and specific Dehn surgeries called coil surgeries. For
example, by considering branched covers, we may determine that the complexity of the
quaternion space with canonical contact structure is 3 and that of the Poincare´ homology
3-sphere with the canonical contact structure is 5. Here the canonical contact structure
means the contact structure of the link of a complex hypersurface singularity given by
its complex tangency, which is uniquely determined by [5]. In particular, we determine
the supported contact structures for all positive flow-spines with up to 3 vertices and
obtain the following tabulation.
Theorem 1.3. The contact manifolds with complexity up to 3 are determined as follows:
(1) c(M, ξ) = 1 if and only if (M, ξ) = (S3, ξstd);
(2) c(M, ξ) = 2 if and only if (M, ξ) = (RP3, ξtight) or (L(3, 2), ξtight);
(3) c(M, ξ) = 3 if and only if (M, ξ) = (L(3, 1), ξtight), (L(4, 3), ξtight), (L(5, 2), ξtight)
or the quaternion space with the canonical contact structure.
Here ξstd denote the standard contact structure on S
3 and ξtight a tight contact structure.
All the contact manifolds with complexity up to 3 are tight. In some sense, this means
that tight contact manifolds have smaller complexities than overtwisted ones.
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This paper is organized as follows: In Section 2, we shortly recall known results in 3-
dimensional contact topology that will be used in this paper. In Section 3, we introduce
flow-spines and DS-diagrams. New observation starts from Section 4, where we introduce
the admissibility condition and the notion of positivity for flow-spines. In Section 5, we
introduce the reference 1-form η for a positive flow-spine that plays an important role in
the proof of Theorem 1.1. The proof of the existence of the supported contact structure
in Theorem 1.1 is given in Section 6 and the proof of its uniqueness is given in Section 7.
Section 8 is devoted to the proof of Theorem 1.2. In Section 9, we introduce several
techniques to determine the supported contact structures for given positive flow-spines
and prove Theorem 1.3. We close the section with a few questions concerning dynamics
of flows carried by positive flow-spines. The list of positive flow-spines with up to 3
vertices is given in the appendix.
The authors wish to express their gratitude to Riccardo Benedetti for many insightful
comments. The second author would like to thank Shin Handa and Atsushi Ichikawa for
useful discussions in the early stages of research. The second author is supported by JSPS
KAKENHI Grant Numbers JP19K03499, JP17H06128 and Keio University Academic
Development Funds for Individual Research. The third author is supported by JSPS
KAKENHI Grant Numbers JP15H03620, JP17K05254, JP17H06463, and JST CREST
Grant Number JPMJCR17J4. The fourth author is supported by JSPS KAKENHI
Grant Number JP19K21019.
2. Contact 3-manifolds
Throughout this paper, for a polyhedral space X, IntX represents the interior of X,
∂X represents the boundary of X, and Nbd(Y ;X) represents a closed regular neighbor-
hood of a subspace Y of X in X, where X is equipped with the natural PL structure if
X is a smooth manifold. The set Int Nbd(Y ;X) is the interior of Nbd(Y ;X) in X.
In this section, we briefly recall notions and known results in 3-dimensional contact
topology that will be used in this paper. The reader may find general explanation, for
instance, in [13, 16, 44].
Let M be a closed, oriented, smooth 3-manifold. A contact structure on M is the 2-
plane field on M given by the kernel of a 1-form α on M satisfying α∧dα 6= 0 everywhere.
The 1-form α is called a contact form. If α ∧ dα > 0 everywhere on M then the contact
structure given by kerα is called a positive contact structure and the 1-form α is called
a positive contact form. The pair of a closed, oriented, smooth 3-manifold M and a
contact structure ξ = kerα on M is called a contact 3-manifold and denoted by (M, ξ).
In this paper, by a contact structure we mean a positive one.
There are two ways of classification of contact 3-manifolds: up to isotopy and up
to contactomorphism. Two contact structures ξ and ξ′ on M are said to be isotopic
if there exists a one-parameter family of contact forms αt, t ∈ [0, 1], such that ξ =
kerα0 and ξ
′ = kerα1. Two contact 3-manifolds (M, ξ) and (M ′, ξ′) are said to be
contactomorphic if there exists a diffeomorphism φ : M →M ′ such that φ∗(ξ) = ξ′. The
map φ is called a contactomorphism. If M = M ′ then we also say that ξ and ξ′ are
contactomorphic. The Gray theorem states that if two contact structures are isotopic
then they are contactomorphic [20].
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The contact structure ξstd on S
3 given as the kernel of the 1-form αstd =
∑2
j=1(xjdyj−
yjdxj)|S3 is called the standard contact structure on S3, where (x1 +
√−1y1, x2 +
√−1y2)
are the standard coordinates of C2 and S3 is the unit sphere in C2. We also say that ξstd
is the 2-plane field given by the complex tangency at each point of S3 in C2. This contact
structure satisfies the following important property, called “tightness”, which was shown
by Bennequin [4]. A contact structure ξ on M is said to be tight if there does not exist
a disk D embedded in M such that ∂D is everywhere tangent to ξ and the framing of
D along ∂D coincides with that of ξ. Otherwise ξ is said to be overtwisted and the
disk D is called an overtwisted disk. Note that the tightness is an invariant of contact 3-
manifolds up to contactomorphism. Due to Eliashberg, it is shown that the classification
of overtwisted contact structures on M up to isotopy is equivalent to the classification
of homotopy classes of 2-plane fields on M [7]. Therefore, in 3-dimensional contact
topology, determining tightness of contact 3-manifolds and classifying tight contact 3-
manifolds become crucial problems.
It is shown by Eliashberg [9] that S3, S2 × S1 and RP3 admit the unique tight con-
tact structure. The tight contact structures on the lens space L(p, q) are classified by
Giroux [18] and Honda [22]. The number of isotopy classes of tight contact structures
of L(p, q) is determined by p and q. For convenience, we write the numbers for first
few lens spaces in Table 1 below. The involution of L(p, q) gives a contactomorphism
between the contact structures corresponding to the euler classes e ∈ H1(L(p, q);Z) and
p − e ∈ H1(L(p, q);Z), see [12, 22]. The numbers of contactomorphism classes are also
written in the table.
3-manifold S3 RP3 L(3, 1) L(3, 2) L(4, 1) L(4, 3) L(5, 1) L(5, 2) L(5, 4)
isotopy 1 1 2 1 3 1 4 2 1
contactom. 1 1 1 1 2 1 2 1 1
Table 1. The numbers of isotopy classes and contactomorphism classes
of tight contact structures.
Next we introduce the Reeb vector field. Let α be a contact form on M . A vector
field X on M determined by the conditions dα(X, ·) = 0 and α(X) = 1 is called the Reeb
vector field of α on M . Such a vector field is uniquely determined by α and we denote
it by Rα. The non-singular flow on a 3-manifold M generated by a Reeb vector field is
called a Reeb flow.
The Reeb vector field plays important roles in many studies in contact geometry and
topology. In 3-dimensional contact topology, it is used to give a correspondence between
contact structures and open book decompositions of 3-manifolds. Let Σ be an oriented,
compact surface with boundary and φ : Σ → Σ be a diffeomorphism such that φ|∂Σ is
the identity map on ∂Σ. If a closed, oriented 3-manifold M is orientation-preservingly
homeomorphic to the quotient space obtained from Σ×[0, 1] by the identification (x, 1) ∼
(φ(x), 0) for x ∈ Σ and (y, 0) ∼ (y, t) for each y ∈ ∂Σ and any t ∈ [0, 1], then we say that
it is an open book decomposition of M . The image L of ∂Σ in M by the quotient map
is called the binding, which equips the orientation as the boundary of Σ. The image of
the surface Σ× {t} in M is called a page. We denote the open book by (M,Σ, L, φ).
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A contact structure ξ on M is said to be supported by an open book (M,Σ, L, φ) if
there exists a contact form α on M such that ξ = kerα and the Reeb vector field Rα of
α satisfies that
• Rα is tangent to L and the orientation on L induced from Σ coincides with the
direction of Rα, and
• Rα is positively transverse to Int Σ× {t} for any t ∈ [0, 1].
Any open book has a supported contact structure and this is used by Thurston and
Winkelnkemper to prove that any closed, oriented, smooth 3-manifold admits a contact
structure [52]. Note that the existence of a contact structure for any 3-manifold was first
proved by Martinet [40]. Giroux then showed that the contact structure supported by
a given open book is unique up to isotopy [19]. He also proved the following theorem,
that will be used in the proof of Theorem 1.2.
Theorem 2.1 (Giroux, cf. [13]). For any contact 3-manifold (M, ξ), there exists an open
book decomposition of M that supports ξ.
These results of Giroux give the surjection
{Open book decompositions of M}/isotopy→ {Contact structures on M}/isotopy
for any closed, oriented, smooth 3-manifold M and the surjection
{Open books}/homeomorphism→ {Contact 3-manifolds}/contactomorphism.
Taking the quotient of the set of open books of M by an operation for pages of open
books, called stabilizations, we can think one-to-one correspondence between open books
and contact 3-manifolds, that is called the Giroux correspondence.
3. Flow-spines and DS-diagrams
3.1. Branched polyhedron. A compact topological space P is called a simple poly-
hedron, or a quasi-standard polyhedron, if every point of P has a regular neighborhood
homeomorphic to one of the three local models shown in Figure 2. A point whose regu-
lar neighborhood is shaped on the model (iii) is called a true vertex of P (or vertex for
short), and we denote the set of true vertices of P by V (P ). The set of points whose
regular neighborhoods are shaped on the models (ii) and (iii) is called the singular set of
P , and we denote it by S(P ). Each connected component of P \ S(P ) is called a region
of P and each connected component of S(P ) \ V (P ) is called an edge of P . A simple
polyhedron P is said to be special, or standard, if each region of P is an open disk and
each edge of P is an open arc. Throughout this paper, we assume that all regions are
orientable.
(i) (ii) (iii)
Figure 2. The local models of a simple polyhedron.
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A branching of a simple polyhedron P is an assignment of orientations to regions of
P such that the three orientations on each edge of P induced by the three adjacent
regions do not agree. We note that even though each region of a simple polyhedron P
is orientable, P does not necessarily admit a branching. See [26, 2, 33, 46] for general
properties of branched polyhedra.
3.2. Flow-spines and DS-diagrams. A polyhedron P is called a spine of a closed,
connected, oriented 3-manifold M if it is embedded in M and M with removing an open
ball collapses onto P . If a spine is simple then it is called a simple spine.
If a spine P admits a branching, then it allows us to smoothen P in the ambient
manifold M as in the local models shown in Figure 3. A point of P whose regular
neighborhood is shaped on the model (iii) is called a vertex of `-type and that on the
model (iv) is a vertex of r-type.
(i) (ii) (iii) (iv)
z
x
y
Figure 3. The local models of a branched simple polyhedron.
Definition. Let M be a closed, connected, oriented 3-manifold.
(1) Let (M,F) be a pair of M and a non-singular flow F on M . A simple spine P of
M is called a flow-spine of (M,F) if, for each point p ∈ P , there exists a positive
coordinate chart (U ;x, y, z) of M around p such that (U, p) is one of the models
in Figure 3, where F|U is generated by ∂∂z , and F|M\P is a constant vertical flow
shown in Figure 4.
(2) A branched simple spine P of M is called a flow-spine of M if it is a flow-spine
of (M,F) for some non-singular flow F on M . The flow F is said to be carried
by P .
M \ P
F
Figure 4. The flow in the complement M \ P .
Let B3 be the unit ball in R3 equipped with the right-handed orientation. Consider
a homeomorphism ı from M \ P to the interior of B3 that takes the biggest horizontal
open disk in Figure 4 to the horizontal open disk bounded by the equator E of B3. Now
we take the geometric completions of these open balls. Then the inverse map ı−1 induces
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a continuous map  from B3 to M that maps the boundary S2 of B3 to the flow-spine P .
The preimage of the singular set S(P ) of P by the map  constitutes a trivalent graph
G on S2 containing the equator E. The map  restricted to S2, denoted by ′, is called
the identification map.
Let R1, R2, . . . , Rn be the regions of P that are oriented so that the flow F is positively
transverse to these regions. Let S+ and S− denote the upper and lower hemispheres of
S2, respectively. The identification map ′ satisfies the following properties:
• The preimage of each region Ri by ′ consists of two connected regions R+i and
R−i bounded by G each of which is homeomorphic to Ri and which are contained
in S+ and S−, respectively.
• The orientation of R+i (respectively, R−i ) induced from that of B3 coincides with
(respectively, is opposite to) the orientation of Ri through the map 
′.
The 3-manifold M is restored from B3 by identifying the pairs of regions R+i and R
−
i
for i = 1, . . . , n.
Definition. The trivalent graph G on S2 equipped with the identification map ′ obtained
from a flow-spine P of M as above is called the DS-diagram of P . The equator E in
G is called the E-cycle of G. The E-cycle is oriented as the boundary of S+ with the
orientation induced from that of B3.
Remark 3.1. (1) To be precise, the DS-diagram defined above is a DS-diagram with
an E-cycle. If a simple spine is given then we may obtain its DS-diagram without
E-cycles in the same manner. There is a formal definition of E-cycles for DS-
diagrams, see [27]. Note that a DS-diagram of a simple spine may have several
possible positions of E-cycles. In this paper, by a DS-diagram we mean a DS-
diagram with a fixed E-cycle.
(2) Conversely, if a DS-diagram G with an E-cycle is given, we may obtain a closed
3-manifold M from the diagram by using the identification map ′. The image
′(S2) in (B3) = M is a flow-spine of M .
For convenience, taking the stereographic projection pi of S2 from the south pole, we
describe the DS-diagram G on the real plane R2 so that pi(E) is the unit circle, pi(S+)
is the inside of pi(E) and pi(S−) is the outside. The real plane R2 is oriented such that
it coincides with that of S2 as the boundary of B3. The image pi(R+i ) lies on pi(S
+)
(respectively, pi(R−i ) lies on pi(S
−)) and its orientation induced from that of Ri coincides
with (respectively, is opposite to) the orientation of R2. For simplicity, we denote pi(E),
pi(R+i ) and pi(R
−
i ) by E, R
+
i and R
−
i , respectively.
Example 1. Consider the diagram described on the left in Figure 5. The 3-manifold M
is obtained from B3 by identifying R+i and R
−
i for i = 1, 2 so that the labeled edges
along their boundary coincide. Let P be the simple spine obtained as the image of S2
by the identification map ′. The edges with label ei are the preimage of the edge ei
of P by ′ and the vertices with label v are the preimage of the vertex v of P . The
right-top is the union of Nbd(S(P );P ) and the region R2, which is obtained from the
union of R+2 , R
−
2 and neighborhoods of the edges and the vertices by identifying them
by ′. The polyhedron P is obtained from this branched polyhedron by attaching the
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region R1 along the boundary. Remark that the branched polyhedron on the right-top
in Figure 5 is abstract, not an object embedded in R3. The polyhedron P embedded in
R3 ⊂ S3 is described on the right-bottom. This polyhedron can be obtained from the
3-ball by collapsing from the boundary. Hence it is a spine of S3. Furthermore, setting
a flow in Nbd(P ;S3) positively transverse to P and extending it to S3 \ P canonically
as in Figure 4, we may see that P is a flow-spine of S3. It will be shown in Lemma 9.1
that the flow tangent to the Seifert fibration whose regular orbit is a (2, 3)-torus knot
is carried by P . Thus, it supports the standard contact structure on S3, which will be
stated in Corollary 9.2. This flow-spine is called the positive abalone. The flow-spine
obtained from the mirror of the DS-diagram on the left in Figure 5 is called the negative
abalone. The abalone in Figure 5 is named “positive” since it supports the standard
contact structure on S3. The underlying abstract simple polyhedra of the positive and
negative abalones are the same. This polyhedron first appeared in [23]. See also [24].
R+2
e1
v
e2
R−2
R+1
R−1
e2
e1
e1
v
v
v
e2
R2
v
e1
e2
R2
R1
e2
e1
Figure 5. The positive abalone. The left diagram is its DS-diagram, the
right-top is the union of Nbd(S(P );P ) and the region R2 with branching
structure, and the right-bottom is the positive abalone embedded in S3.
3.3. Normal pairs. In this subsection, we introduce the flow-spine from a normal pair.
This is the original definition of a flow-spine given in [26]. Let F be a non-singular flow
on M . A compact surface Σ embedded in M with boundary ∂Σ is called a compact local
section of F if it is included in an open surface that is transverse to F everywhere. We
define two functions T+ and T− on M as
T+(x) = inf{t > 0 | F(x; t) ∈ Σ} and
T−(x) = sup{t < 0 | F(x; t) ∈ Σ},
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where F(x; t) means that the flow F brings the point x to the point F(x; t) after the
time t ∈ R. We set T+(x) =∞ (respectively, T−(x) = −∞) if F(x; t) 6∈ Σ for any t > 0
(respectively, t < 0). If T+(x) < ∞ (respectively, T−(x) > −∞) then we define Tˆ+(x)
(respectively, Tˆ−(x)) by F(x;T+(x)) (respectively, F(x;T−(x))).
Definition. The pair (F ,Σ) of a non-singular flow F on M and its compact local section
Σ is called a normal pair on M if
(i) Σ is a 2-disk,
(ii) any orbit of F intersects Int Σ,
(iii) if x ∈ ∂Σ and Tˆ+(x) ∈ ∂Σ then ∂Σ and F(∂Σ;T+(x)) intersect at Tˆ+(x) trans-
versely, and
(iv) if x ∈ ∂Σ and Tˆ+(x) ∈ ∂Σ then Tˆ+(Tˆ+(x)) ∈ Int Σ.
The conditions (iii) and (iv) are satisfied by setting Σ in general position.
For a normal pair (F ,Σ), let P+(F ,Σ) and P−(F ; Σ) be the subsets of M defined as
P+(F ,Σ) = Σ ∪ {F(x; t) | x ∈ ∂Σ, 0 ≤ t ≤ T+(x)} and
P−(F ,Σ) = Σ ∪ {F(x; t) | x ∈ ∂Σ, T−(x) ≤ t ≤ 0}.
Roughly speaking, the subsets P+(F ,Σ) and P−(F ,Σ) are obtained from Σ by floating
∂Σ by the flow F and −F , respectively. Therefore, they are simple polyhedra. Floating
Nbd(∂Σ; Σ), instead of ∂Σ, smoothly, we can easily see that these polyhedra are flow-
spines.
An important fact is that any non-singular flow has a normal pair and hence the
following theorem holds.
Theorem 3.2 ([26]). Any pair (M,F) of a closed, connected, oriented, smooth 3-
manifold M and a non-singular flow F on M admits a flow-spine.
The existence of a normal pair of a given flow after a slight deformation is mentioned
in [26, Remark (1) in page 509]. We may easily remove the necessity of a slight deforma-
tion of the flow as follows. For each point x in M , we choose a pair of a flow-box of F
and a disk intersecting all orbits of F in the flow-box transversely. Since M is compact,
we may choose a finite set of these flow-boxes so that the union of the disks in these
flow-boxes intersects all orbits of F . We then isotope the positions of these disks with
keeping the same property so that they are disjoint. Then the disk Σ of a normal pair
can be obtained by connecting these disks by bands transverse to F as done in the proof
of [26, Theorem 1.1]. The flow-spine in Theorem 3.2 is obtained from the normal pair
(F ,Σ) by [26, Theorem 1.2].
The disk of a normal pair is restored from a flow-spine by cleaving it along the singular
set as shown in Figure 6. The flow-spine in the figure is P+(F ,Σ) for this normal pair
(F ,Σ). Assign the orientation to ∂Σ induced from that of Σ, which is the orientation
indicated in the figure, and observe the function T+ from ∂Σ to R. This function is left-
continuous at the point x in the figure if the vertex is of `-type and it is right-continuous
if the vertex is of r-type.
3.4. Regular moves. In this subsection, we introduce two kinds of moves of branched
simple polyhedra.
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`-type
r-type
cleave
cleave
F
F
x
x
Figure 6. Cleave the flow-spine and obtain the disk of a normal pair.
Definition. (1) The moves shown in Figure 7 and their mirrors are called first regular
moves [27] or Matveev-Piergallini moves [2].
(2) The moves shown in Figure 8 and their mirrors are called second regular moves [27]
or lune moves [42].
Figure 7. First regular moves.
These moves are enough to trace deformation of non-singular flows in 3-manifolds.
Two non-singular flows F1 and F2 in a closed, orientable 3-manifold are said to be
homotopic if there exists a smooth deformation from F1 to F2 in the set of non-singular
flows.
Theorem 3.3 ([27]). Let P1 and P2 be flow-spines of a closed, orientable 3-manifold
M . Let F1 and F2 be flows on M carried by P1 and P2, respectively. Suppose that F1
and F2 are homotopic. Then P1 is obtained from P2 by applying first and second regular
moves successively.
Remark 3.4. We may apply the moves from the left to the right in Figures 7 and 8 with
fixing the flow carried by the flow-spine. On the other hand, we may need to homotope
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Figure 8. Second regular moves.
the flow when we apply the moves from the right to the left. Sometimes, such homotopy
move cannot be obtained in the set of Reeb flows, see the proof of Theorem 4.3 below.
4. Admissibility and positivity
4.1. Admissibility condition. Let M be a closed, connected, oriented 3-manifold.
Let P be a branched simple spine of M and R1, . . . , Rn be the regions of P . Assign
orientations to these regions so that they satisfy the branching condition. Let R¯i be the
metric completion of Ri with the path metric inherited from a Riemannian metric on
Ri. Let κi : R¯i → M be the natural extension of the inclusion Ri → M . Assign an
orientation to each edge of P in an arbitrary way.
Definition. A branched simple spine P is said to be admissible if there exists an assign-
ment of real numbers x1, . . . , xm to the edges e1, . . . , em, respectively, of P such that for
any i ∈ {1, . . . , n}
(4.1)
∑
e˜j⊂∂R¯i
εijxj > 0,
where e˜j is an open interval or a circle on ∂R¯i such that κi|e˜j : e˜j → ej is a homeomor-
phism, and εij = 1 if the orientation of ej coincides with that of κi(e˜j) induced from the
orientation of Ri and εij = −1 otherwise.
Example 2. Let P be the positive abalone in Figure 5 embedded in S3. Suppose that
there exists a contact structure supported by P , that is, there exists a contact form α
on S3 whose Reeb flow is carried by P . The abalone P is obtained from the branched
polyhedron described on the right-top in the figure by attaching the disk corresponding
to the region R1. Since the Reeb flow is transverse to the regions R1 and R2, the
integrated values
∫
∂R1
α and
∫
∂R2
α should be positive, where the orientation of ∂Ri is
induced from that of Ri for each i = 1, 2. From the figure, we see that ∂R1 = e1 + 2e2
and ∂R2 = −e2. Setting x1 =
∫
e1
α and x2 =
∫
e2
α, we have the inequalities x1 +2x2 > 0
and x2 < 0. Therefore, the existence of an assignment of real numbers x1, x2 satisfying
these inequalities to the edges e1, e2 is a necessary condition for Nbd(P ;S
3) to have a
contact form whose Reeb flow is positively transverse to P . This is the admissibility
condition. Since (x1, x2) = (3,−1) satisfies the two inequalities, the positive abalone P
is admissible.
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There are many flow-spines that satisfy the admissibility condition. Below, we show
that any branched special spine of a rational homology 3-sphere satisfies the condition.
Let m′ be the rank of H1(S(P );Z). Take a maximal tree T of S(P ) and assign 0 to
the edges on T . Let ej1 , . . . , ejm′ be the edges on S(P ) not contained in T and set
aij =
∑
e˜j⊂∂R¯i
εij
for i = 1, . . . , n and j = j1, . . . , jm′ . In this setting, P is admissible if and only if the set
C(P ) = {(x1, . . . , xm′) ∈ Rm′ | aij1x1 + · · ·+ aijm′xm′ > 0, i = 1, . . . , n}
is non-empty.
Let A be the n ×m′ matrix with the entries aij . If the spine is special then A is a
regular matrix.
Lemma 4.1. Let P be a branched special spine of M . Then det(A) 6= 0 if and only if
M is a rational homology 3-sphere.
Proof. The manifold M has a cell decomposition whose 0-cells are the vertices of S(P ),
1-cells correspond to the edges of S(P ), 2-cells correspond to the open disks P \ S(P )
and 3-cell corresponds to the open 3-ball M \ P . Consider the chain complex of this
decomposition:
0→ C3 ∂3−→ C2 ∂2−→ C1 ∂1−→ C0 → 0,
where Ci is the chain of i-dimensional cells. The map ∂3 is the zero map because each
2-cell appears twice on the boundary of the 3-cell with opposite orientations. The map
∂2 is given by the matrix A. Since H2(M ;Z) has no torsion, det(A) 6= 0 if and only if
H2(M ;Z) = 0. By Poincare´ duality and the universal coefficient theorem, H2(M ;Z) = 0
if and only if Hi(M ;Q) = Hi(S3;Q) for i ∈ Z. Thus the assertion follows. 
Proposition 4.2. A branched special spine of a rational homology 3-sphere is admissible.
Proof. The set C(P ) is the union of the m′ open half spaces in Rm′ given by aij1x1 + · · ·+
aijm′xm′ > 0 for i = 1, . . . ,m
′. Since we are considering a rational homology 3-sphere,
we have det(A) 6= 0 by Lemma 4.1. Therefore the vectors t(aij1 , . . . , aijm′ ), i = 1, . . . ,m′,
are linearly independent and hence C(P ) is non-empty. 
Example 3. Let S be an oriented 2-sphere with two disjoint oriented disks D1 and D2
in S and let P be the branched polyhedron obtained from S by identifying D1 and D2
by an orientation-preserving diffeomorphism. Then P is a flow-spine of S2×S1 without
vertices (cf. [11, Remark 1.2]). The flow described in Figure 9 is a flow carried by P .
This flow-spine satisfies C(P ) = ∅ and hence it is not admissible. In particular, there
does not exist a contact form on S2 × S1 whose Reeb flow is positively transverse to P .
Example 4. Let P be the flow-spine given by the DS-diagram in Figure 10. This polyhe-
dron is special and has 4 vertices. From the cell decomposition of P , we may easily see
that the closed 3-manifold MP of P satisfies H1(MP ;Z) ∼= Z. Since there is no closed,
orientable, irreducible 3-manifold M with H1(M ;Z) ∼= Z and with complexity up to 4
in the table of 3-manifolds [42], the 3-manifold MP is S
2 × S1. Since S2 × S1 is not
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S2 × S1
flow
Figure 9. A flow-spine of S2 × S1 with C(P ) = ∅.
a rational homology 3-sphere, it satisfies det(A) = 0 by Lemma 4.1. However we have
C(P ) 6= ∅, and hence it is admissible.
v1
v2
v2
v3
v4
v4
v3
v1 v3 v4
v2 v1
v4
v3
v1
v2
e2e1
e3
e4
e5
e6
e7
e8
e8
e1
e2
e3
e7
e4
e5
e6
R1
R1
R2
R2
R3
R3
R4
R4
R5
R5
e2
e3 e4
e1
e5
e6
e7e8
Figure 10. A DS-diagram of a flow-spine of S2 × S1 with C(P ) 6= ∅.
4.2. Necessity of positivity. As mentioned in the introduction, we define the positiv-
ity of a flow-spine as follows.
Definition. A flow-spine is said to be positive if it has at least one vertex and all vertices
are of `-type.
Although there is a flow-spine that is not positive but carries a Reeb flow, we need
to restrict our discussion to positive flow-spines. The reason is that either the existence
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or the uniqueness of a contact manifold for a given flow-spine does not hold at least in
some case as we will prove in the following theorem. Recall that a contact structure ξ
on M is said to be supported by a flow-spine P if there exists a contact form α such that
ξ = kerα and its Reeb flow is carried by P .
Theorem 4.3. Suppose that M admits a tight contact structure. Then one of the fol-
lowing holds:
(1) There exists a flow-spine of M that does not support any contact structure.
(2) There exists a flow-spine of M supporting two contact structures that are not
contactomorphic.
Proof. Let ξ0 and ξ1 be contact structures on M that belong to the same homotopy class
of 2-plane fields. Let F0 and F1 be Reeb flows generated by Reeb vector fields of ξ0 and
ξ1, respectively. These flows are homotopic. Let P0 and P1 be flow-spines that carry F0
and F1, respectively.
Suppose that ξ0 is tight, and let ξ1 be an overtwisted contact structure on M obtained
from ξ0 by applying a Lutz full-twist [39]. Note that a Lutz full-twist does not change the
homotopy class of ξ0. By Theorem 3.3, there exists a sequence P0 = Q1, Q2, . . . , Qm = P1
of flow-spines such that Qi+1 is obtained from Qi by some regular move for i = 1, . . . ,m−
1. Now assume that both of the statements (1) and (2) in the assertion do not hold.
Then each Qi supports a unique contact structure up to contactomorphism. Since the
regular moves from the left to the right in Figures 7 and 8 can be applied with fixing the
flows, the contact structures supported by Qi and Qi+1 are contactomorphic. Hence ξ0
and ξ1 are contactomorphic and this is a contradiction. 
Remark 4.4. The positive abalone in Figure 5 is a positive flow-spine. The flow-spine
in Example 3 carries a flow transverse to S2×{t} for any t ∈ S1. Such a flow cannot be
a Reeb flow. This flow-spine is not positive by definition. The flow-spine in Example 4
is positive. The flow carried by this flow-spine is not homotopic to the flow carried by the
flow-spine in Example 3. This can be verified by using the Reidemeister-Turaev torsion,
see [34, 35].
4.3. Admissibility of positive flow-spines. In this subsection, we prove the following
proposition.
Proposition 4.5. Any positive flow-spine satisfies the admissibility condition.
Let P be a positive flow-spine. In the DS-diagram of P , the preimage of each edge ej
of P by the identification map ′ consists of three copies of ej , one lies on the E-cycle,
another one lies in the inside of the E-cycle and the last one lies outside. The diagram
in a neighborhood of an edge on the E-cycle is one of the four cases described on the
top in Figure 11, the corresponding part of the spine is described in the middle, and
the diagram in a neighborhood of the corresponding edge in the inside of the E-cycle is
as shown on the bottom. The E-cycles in the top and bottom figures are described by
dashed lines.
We put the labels A− and A+ to the two sides of each edge of type a as shown on
the bottom in Figure 11 and we put the labels B−, B+, C−, C+, D−, D+ in the same
manner.
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a
a
a
b
b
b
c
c
c
d
d
d
E-cycle E-cycleA+
A−
B+
B− C− C+ D−
D+
Figure 11. Neighborhoods of edges on a DS-diagram.
Lemma 4.6. A region in the inside of the E-cycle in a DS-diagram and not adjacent to
the E-cycle has only label A−.
Proof. Let R+ be a region in the assertion. From the bottom figures in Figure 11, we see
that ∂R+ does not contain edges of type c and d. Hence R+ has only labels A−, A+, B−
and B+. We observe how the orientations on the edges change when we travel along ∂R+.
We say that the orientation of an edge is “consistent” if it coincides with that of ∂R+ and
“opposite” otherwise. From the bottom figures in Figure 11, we see that the orientation
changes from “consistent” to “opposite” after passing through the sides A+ and B− and
there is no case where the orientation changes from “opposite” to “consistent”. Hence
R+ cannot have labels A+ and B−. Moreover, since the orientations of the edges near
the sides A− and B+ are “opposite” and “consistent”, respectively, R+ can have either
only label A− or only label B+. Suppose that it has only label B+. Then, from the
middle figure in Figure 11, we see that ′(∂R+) corresponds to the E-cycle. However,
in the same figure, we see that there is an edge of P that is not contained in ′(∂R+).
Since S(P ) is the image of the E-cycle by ′, we have a contradiction. 
Now we prove the proposition.
Proof of Proposition 4.5. We set the assignment x of a real number x(ej) to each edge
ej of the singular set S(P ) of a positive flow-spine P as
x(ej) = −12 if ej is of type a
x(ej) = 2 if ej is of type b
x(ej) = 3 if ej is of type c
x(ej) = 4 if ej is of type d.
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By Lemma 4.6, if a region R+ lies inside the E-cycle and is not adjacent to the E-cycle
then
∑
e˜j⊂∂R¯ εijx(ej) > 0.
Let R+ be a region of the DS-diagram of P lying inside the E-cycle and adja-
cent to the E-cycle. The boundary ∂R+ of R+ consists of an alternative sequence
p1, q1, p2, q2, . . . , pm, qm of paths p1, . . . , pm on the E-cycle and paths q1, . . . , qm lying in-
side the E-cycle, see Figure 12. The orientation of each edge on the path pi is consistent
with the orientation of ∂R+. The starting edge of the path qi is of type c if the label on
the region R+ is C+ and of type d if it is D+. Their orientations are consistent with that
of ∂R+. We follow qi from the starting edge and check if the orientations of the edges
are consistent with or opposite to that of ∂R+. From the four figures on the bottom
in Figure 11, we see that the orientation changes from “consistent” to “opposite” when
∂R+ passes through an edge with label A+, B−, C+ or D−, and there is no edge where
the orientation changes from “opposite” to “consistent”. This means that the path qi
divides into two paths q′i and q
′′
i so that the orientations of all edges on q
′
i are consistent
with that of ∂R+ and those of all edges of q′′i are opposite.
q′i
q′′i
pi
pi+1
R+
q′′i−1q′i+1
Figure 12. The paths pi and qi, where qi is the concatenation of q
′
i and q
′′
i .
We are going to observe which types of edges can appear on each of paths pi and qi.
By the four figures on the top in Figure 11, the sequence of types of the edges of pi is
either b or acn1d, where n1 ≥ 0. The sum x(pi) of the assignment x to the edges on pi is
x(pi) =
{
2 if the type is b
−12 + 3n1 + 4 = 3n1 + 72 if the type is acn1d.
By the four figures on the bottom in Figure 11, the sequence of types of the edges of q′i
is either c or dbn2a, where n2 ≥ 0, and the sum x(q′i) of the assignment x to the edges
on q′i is
x(q′i) =
{
3 if the type is c
4 + 2n2 − 12 = 2n2 + 72 if the type is dbn2a.
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By the same figures, the sequence of types of the edges of q′′i is either d
−1 or b−1a−n3c−1,
where n3 ≥ 0, and the sum x(q′′i ) of the assignment x to the edges on q′′i is
x(q′′i ) =
{
−4 if the type is d−1
−2 + 12n3 − 3 = 12n3 − 5 if the type is b−1a−n3c−1.
The minimum values of x(pi), x(q
′
i) and x(q
′′
i ) are 2, 3 and −5, respectively. Hence the
sum of real numbers on the edges on ∂R+ is positive unless the types of pi, q
′
i and q
′′
i
are b, c and b−1c−1, respectively, for all i = 1, . . . ,m.
Suppose that the boundary ∂R+ of R+ consists of a sequence of edges
(4.2) b1c1b
−1
2 c
−1
2 b3c3b
−1
4 c
−1
4 · · · b2`−1c2`−1b−12` c−12` ,
where bj is an edge of type b and cj is an edge of type c. For each j = 1, . . . , `, we set
a relation  between two edges b2j−1 and b2j as b2j−1  b2j . For each region inside the
E-cycle whose boundary is given in the above form, we give the relation  to the edges
of type b in the same manner.
Now assume that there exists a sequence of edges e1, e2, . . . , ek of P of type b that
gives a cyclic order as e1  e2  · · ·  ek  ek+1 = e1. For each s = 1, . . . , k, the relation
es  es+1 implies that there exists a region whose boundary contains the sequence
esfse
−1
s+1f
−1
s+1, where fs and fs+1 are edges of type c. However, this is impossible since
the edges f1, . . . , fk−1 appear on the E-cycle as shown in Figure 13 and we cannot set
fk for ek  e1. This means that  is a partial order for the edges of P of type b.
e1
f1e2f1
e1
e2
e3
f2
ek
fk−1
Figure 13. Positions of es for s = 1, . . . , k and fs for s = 1, . . . , k − 1.
Let {e1, . . . , enb} be the set of edges of P of type b, equipped with the partial order .
We modify the assignment x to these edges as x(ej) = 2 + δj , where δj ’s are sufficiently
small positive real numbers such that δj1 > δj2 if ej1  ej2 . Then the sum of the real
numbers assigned to the edges in (4.2) becomes positive. This shows that the modified
assignment satisfies the admissibility condition. 
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5. Reference 1-forms of positive flow-spines
Let M be a closed, connected, oriented, smooth 3-manifold and P be a positive flow-
spine of M . In this section, we define a 1-form η on M associated with P such that
η ∧ dη ≥ 0 using the decomposition (5.1).
5.1. Decomposition and gluing maps. For a positive flow-spine P of M , set Q =
Nbd(S(P );P ) and letRi be the connected component of P \IntQ contained in the region
Ri of P . Let Nbd(S(P );M) be a neighborhood of S(P ) in M , choose a neighborhood
NP = Nbd(P ;M) of P in M sufficiently thin with respect to Nbd(S(P );M) and set
NQ = Nbd(P ;M) ∩Nbd(S(P );M). Then M decomposes as
(5.1) M = NP ∪ND =
(
NQ ∪
n⋃
i=1
NRi
)
∪ND,
where NRi is the connected component of the closure of NP \NQ containing Ri, which
is diffeomorphic to Ri × [0, 1], and ND is the closure of M \ NP , which is a 3-ball. By
identifying the 3-ball B3 in Section 3.2 with ND, we draw the E-cycle on ∂ND and regard
ND as D
2 × [0, 1], where D2 is the unit 2-disk, so that a tubular neighborhood of the
E-cycle on ∂ND corresponds to ∂D
2 × [0, 1].
To define the gluing maps of these pieces, we re-choose NRi and ND slightly larger. For
i = 1, . . . , n, we denote the gluing map of NRi to NQ by gRi , which is a diffeomorphism
gRi : NR′i → NQ to the image, where R′i = Nbd(∂Ri;Ri) and NR′i = R′i × [0, 1] ⊂ NRi .
Also, we denote the gluing map of ND to NP by gD, which is a diffeomorphism gD :
Nbd(∂ND;ND)→ NP to the image.
We may assume that a flow carried by P is positively transverse to D2 × {t0} on ND
and Ri × {t0} on NRi for any t0 ∈ [0, 1].
5.2. Construction on NQ. First we define a 1-form on NQ. Let Q
′ be an oriented
compact surface with an embedded graph G′ such that
(1) Q′ collapses onto G′ and
(2) there exists a continuous map prQ : Q→ Q′ such that prQ|S(P ) is an embedding
of the graph S(P ) into Q′ with G′ = prQ(S(P )) and prQ|Q\S(P ) is an orientation-
preserving local diffeomorphism.
We then fix a projection pr : NQ → Q′ such that pr|Q = prQ.
Next we decompose Q′ into rectangles U e1 , . . . , U ene corresponding to the images of
neighborhoods of the edges e1, . . . , ene of P and rectangles U
v
1 , . . . , U
v
nv corresponding to
those of vertices v1, . . . , vnv of P as shown in Figure 14.
For each U ei , the preimage B
e
i = pr
−1(U ei ) has a shape as shown on the left in Figure 15.
According to the order determined by the flow, we denote the horizontal faces of Bei by
Hei,1, H
e
i,2, H
e
i,3 and H
e
i,4. These faces are indicated on the right in the figure, where H
e
i,2
and Hei,4 are top faces of B
e
i and H
e
i,1 and H
e
i,3 are bottom faces of B
e
i . Set `i = pr(S(P )∩
Bei ). The complement U
e
i \ Int Nbd(`i;U ei ) of an open neighborhood of `i in U ei consists
of two connected components. We denote by U ei,1 the component whose preimage by pr
is connected, and by U ei,2 the component whose preimage has two connected components.
Set Bei,j = pr
−1(U ei,j) for j = 1, 2. We fix coordinates (x
e
i , y
e
i , t
e
i ) on B
e
i such that
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G′ =pr(S(P ))
Q′
U vi
U ej
Figure 14. Rectangular decomposition of Q′.
• Bei,2 ⊂ {0 ≤ yei ≤ 1}, Bei,1 ⊂ {2 ≤ yei ≤ 3},
• Hei,2 ⊂ {tei = 1}, Hei,3 ⊂ {tei = 2}, Hei,4 ⊂ {tei = 3},
• Hei,1 ⊂ {tei = h(yei )}, where h : [0, 3] → [0, 2] is a monotone increasing smooth
function such that h(yei ) = 0 for 0 ≤ yei ≤ 1 and h(yei ) = 2 for 2 ≤ yei ≤ 3.
We can think that Bei is embedded in the cube [0, L]× [0, 3]× [0, 3] with the coordinates
(xei , y
e
i , t
e
i ), where L is a positive real number. Note that L should be large enough so
that NP can be constructed from the pieces NQ and NRi for i = 1, . . . , n.
Uei,1 U
e
i,2
pr
Hei,1 Hei,2
Hei,3
Hei,4
Uei,1
Uei,2
Nbd(`i;U
e
i )
pr
Bei,1
Bei,2
Bei
tei
0
1
2
3
xei
yei
P
`i
Figure 15. The neighborhood Bei of a triple line ei of P .
Since P is a positive flow-spine, each vertex is of `-type. For each Uvi , the preimage
Bvi = pr
−1(Uvi ) has a shape as shown on the left in Figure 16. According to the order de-
termined by the flow, we denote the horizontal faces ofBvi byH
v
i,1, H
v
i,2′ , H
v
i,3′ , H
v
i,2, H
v
i,3, H
v
i,4.
These faces are indicated on the left in the figure, where Hvi,2, H
v
i,2′ and H
v
i,4 are top faces
of Bvi drawn in red, and H
v
i,1, H
v
i,3 and H
v
i,3′ are bottom faces of B
v
i drawn in blue. The
image of S(P ) ∩ Bvi by pr consists of two lines `i and `′i intersecting transversely at
the image pr(vi) of the vertex vi in B
v
i . We set `i to be the line that does not inter-
sect pr(Hvi,2) and `
′
i to be the other line, which does not intersect pr(H
v
i,2′). We denote
by Uvi,1 the connected component of the complement U
v
i \ Int Nbd(`i;Uvi ) of an open
neighborhood of `i whose preimage by pr is connected and by U
v
i,2 the component of the
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complement whose preimage by pr is not connected. Similarly, we denote by Uvi,1′ the
connected component of the complement Uvi \ Int Nbd(`′i;Uvi ) of an open neighborhood
of `′i whose preimage by pr is connected and by U
v
i,2′ the component of the complement
whose preimage by pr is not connected. We set Bvi,j = pr
−1(Uvi,j) for j = 1, 2, 1
′, 2′.
Set coordinates (xvi , y
v
i , t
v
i ) on B
v
i such that
• Bvi,2 ⊂ {0 ≤ yvi ≤ 1}, Bvi,1 ⊂ {2 ≤ yvi ≤ 3},
• Bvi,2′ ⊂ {0 ≤ xvi ≤ 1}, Bvi,1′ ⊂ {2 ≤ xvi ≤ 3},
• Hvi,2 ⊂ {tvi = 3}, Hvi,3 ⊂ {tvi = 4}, Hvi,4 ⊂ {tvi = 5},
• Hvi,3′ ⊂ {tvi = h(yvi ) + 2}, Hvi,2′ ⊂ {tvi = h(yvi ) + 1},
• Hvi,1 ⊂ {tvi = hˆ(xvi , yvi )}, where hˆ : [0, 3] × [0, 3] → [0, 4] is a smooth function
such that ∂h/∂xvi ≥ 0, ∂h/∂yvi ≥ 0, hˆ(xvi , yvi ) = h(yvi ) for (xvi , yvi ) ∈ Uvi,2′ ,
hˆ(xvi , y
v
i ) = h(y
v
i ) + 2 for (x
v
i , y
v
i ) ∈ Uvi,1′ , hˆ(xvi , yvi ) = h(xvi ) for (xvi , yvi ) ∈ Uvi,2 and
hˆ(xvi , y
v
i ) = h(x
v
i ) + 2 for (x
v
i , y
v
i ) ∈ Uvi,1.
We can think that Bvi is embedded in the cube [0, 3]× [0, 3]× [0, 5] with the coordinates
(xvi , y
v
i , t
v
i ).
Uvi,1
Uvi,2
Nbd(`i;U
v
i )
pr
Bvi
tvi
0
1
2
3
xvi
yvi
4
5
Uvi,1′
Uvi,2′
Nbd(`′i;Uvi )
pr
Bvi
tvi
0
1
2
3
xvi
yvi
4
5
Hvi,4
Hvi,2
Hvi,2′
Hvi,1
Hvi,3′H
v
i,3
Figure 16. The neighborhood Bvi of a vertex vi of P of `-type.
On each Bki , where k = e or v, we define a 1-form η
k
i on B
k
i by η
k
i = dt
k
i . We can
glue the 1-forms ηei for i = 1, . . . , ne and η
v
j for j = 1, . . . , nv canonically. We denote the
1-form on NQ obtained in this way by ηQ.
5.3. Construction on NP . Recall that the 3-manifold M is obtained from NQ by
attaching NRi , i = 1, . . . , n, where P ∩ Ri is regarded as Ri × {1/2} ⊂ NRi , and then
filling the boundary of NP by ND.
Set NRi = Ri × [0, 1] and let ti be the coordinate of [0, 1]. We choose the gluing map
gRi of NRi to NQ so that
(e-gl) the gluing part of Bej with
⋃n
i=1NRi is exactly B
e
j,1 ∪Bej,2,
(e-01) tej ◦ gRi = ti on g−1Ri (Bej,2 ∩ {0 ≤ tej ≤ 1}),
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(e-23) tej ◦ gRi = ti + 2 on g−1Ri ((Bej,1 ∪Bej,2) ∩ {2 ≤ tej ≤ 3}),
(v-gl) the gluing part of Bvj with
⋃n
i=1NRi is exactly the union of B
v
j,p ∩Bvj,q, where p
and q run over {1, 2, 1′, 2′} with p 6= q, Bvj,2∩{4 ≤ tvj ≤ 5} and W vj with rounding
the corners along Bvj ∩ pr−1(∂Nbd(`j ;Uvj ) ∩ ∂Nbd(`′j ;Uvj )) smoothly, where
W vj = B
v
j,2′ ∩ pr−1(Nbd(`j ;Uvj )) ∩ {h(yvj ) ≤ tvj ≤ h(yvj ) + 1},
see the right in Figure 17.
(v-01) tvj ◦ gRi = ti on g−1Ri ((Bvj,2 ∩Bvj,2′) ∩ {0 ≤ tvj ≤ 1}),
(v-23) tvj ◦gRi = ti+2 on g−1Ri (((Bvj,1∩Bvj,2′)∪(Bvj,2∩Bvj,1′)∪(Bvj,2∩Bvj,2′))∩{2 ≤ tvj ≤ 3}),
(v-45) tvj ◦ gRi = ti + 4 on g−1Ri (((Bvj,1 ∩Bvj,1′) ∪ (Bvj,1 ∩Bvj,2′) ∪Bvj,2) ∩ {4 ≤ tvj ≤ 5}),
(v-W) tvj ◦ gRi = ti + h(yvj ) on Wi,j = g−1Ri (W vj ).
In the above notation, tkj , k = e or v, is regarded as the coordinate function whose image
is the tkj -coordinate.
Let R′i be a collar neighborhood of Ri such that R′i × [0, 1] = g−1Ri (NQ), and set
NR′i = R′i × [0, 1] ⊂ Ri × [0, 1] = NRi . Choose coordinates (ri, θi) on R′i so that{ri = 0} = ∂R′i \ ∂Ri, {ri = 1} = ∂Ri and the orientation of (ri, θi) coincides with that
of Ri, see the left in Figure 17.
Wi,j
NRi
ri
θi
NR′i
gluing map gRi
ti
tvj
xvj
yvj
W vj
Figure 17. Characteristic foliation of ker ηQ on ∂Ri × [0, 1].
Remark 5.1. As described on the left in Figure 17, the characteristic foliation of ker ηQ
has negative slope as the standard contact structure on R3. Intuitively, this is the reason
why we have the inequality η ∧ dη ≥ 0 in Lemma 5.9. Remark that the figure on the
right in Figure 17 is a neighborhood of an `-type vertex and we cannot expect the same
inequality for an r-type vertex.
For each Wi,j , the gluing map gRi |Wi,j : Wi,j → Bvj is given as
(5.2) (ri, θi, ti) 7→ (ri, ci(θi − ci,j), ti + hi,j(θi)),
where ci and ci,j are real numbers chosen so that ci(θi − ci,j) coincides with the yvj -
coordinate on Bvj , and hi,j is the smooth function given by hi,j(θi) = h(ci(θi − ci,j)).
Note that the function hi,j is monotone increasing.
The gluing map gRi induces a 1-form ηR′i on NR′i as ηR′i = g
∗
RiηQ. Due to the choice
of gRi , we have ηR′i = dti on NR′i \
⋃
jWi,j , where j runs over the indices of B
v
j adjacent
to Ri.
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We define a 1-form ηRi on NRi as
(5.3) ηRi = (1− σ(ri))dti + σ(ri)ηR′i ,
where σ(ri) is a monotone increasing smooth function such that σ(ε) = 0 and σ(1−ε) = 1
for any sufficiently small ε ≥ 0.
Lemma 5.2.
ηRi =
{
dti on NRi \
⋃
jWi,j
dti + σ(ri)
dhi,j
dθi
(θi)dθi on Wi,j .
Proof. On each Wi,j , by (5.2), we have t
v
j = ti + hi,j(θi). Hence ηR′i = g
∗
Ridt
v
j = dti +
dhi,j
dθi
(θi)dθi. By (5.3), we have ηR′i = dti + σ(ri)
dhi,j
dθi
(θi)dθi. On NRi \
⋃
jWi,j , since
ηR′i = g
∗
Ridt
k
j = dti for k = e and v, we have ηRi = dti by (5.3). 
Gluing NQ with 1-form ηQ and NRi with the 1-form ηRi for i = 1, . . . , n, we obtain a
1-form ηP on the whole NP .
Lemma 5.3.
dηP =
{
0 on NP \
⋃
i,jWi,j
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi on Wi,j .
Proof. Since ηP = dt
e
j on pr
−1(Nbd(`j ;U ej )), ηP = dt
v
j on pr
−1(Nbd(`j ;Uvj )∪Nbd(`′j ;Uvj ))\
W vj and ηP = dti on NRi \
⋃
jWi,j by Lemma 5.2, we have dηP = 0 on NP \
⋃
i,jWi,j .
On each Wi,j , the 2-form in the assertion follows from Lemma 5.2. 
Lemma 5.4. (1) ηP ∧ dηP = 0 on NP \
⋃
i,jWi,j.
(2) ηP ∧ dηP ≥ 0 on Wi,j.
Proof. The assertion (1) follows from Lemma 5.3. We prove the assertion (2). The
function hi,j is monotone increasing. We also have
dσ
dri
(ri) ≥ 0. Hence, by Lemmas 5.2
and 5.3,
ηRi ∧ dηRi =
(
dti + σ(ri)
dhi,j
dθi
(θi)dθi
)
∧
(
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi
)
=
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi ∧ dti ≥ 0.

5.4. Construction on the whole M . Finally we extend the 1-form ηP on NP to the
whole M . For convenience, we set ND = D
2 × [−ε, 1 + ε] for a sufficiently small ε > 0,
instead of D2 × [0, 1]. Set E = D2 × [−ε, 0] and F = D2 × [1, 1 + ε], and denote the
restrictions of gD to E and F by gE and gF , respectively. Set D∂ to be the union
of the connected components of Bkj ∩ gD(ND) that intersect the vertical faces of ∂Bkj
corresponding to the E-cycle, where Bkj runs over the indices j = 1, . . . , ne for k = e and
j = 1, . . . , nv for k = v. See the left in Figure 18.
We choose the coordinates (u, v, w) of ND = D
2 × [−ε, 1 + ε] so that they satisfy the
following:
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Ri
R′i
D∂
Bkj
F
E
D∂
gD(F )
Bkj
gD(E)
gD(F )
gD(E)
R′i
R′i R′i
Bkj
R′i
N ′D
03
xkj or y
k
j
Figure 18. Positions of E, F , D∂ and N
′
D.
(B-D’) Set N ′D = {(u, v, w) ∈ ND | (u, v, 0) ∈ g−1D (D∂)}. We think of N ′D as being
embedded in the union of the cubes [0, L] × [0, 3] × [0, 3] containing Bej and the
cubes [0, 3]2 × [0, 5] containing Bvj so that
tkj ◦ gD(u, v, w) =

w + 1 k = e and gD(u, v, 0) ∈ Bej
w + 3 k = v and gD(u, v, 0) ∈ Hvj,2 ⊂ Bvj
w + tvj ◦ gD(u, v, 0) k = v and gD(u, v, 0) ∈ Hvj,2′ ⊂ Bvj
and the first two coordinates of Bkj do not depend on the coordinate w. See
the right in Figure 18. Note that tvj ◦ gD(u, v, 0) = hi,j(θi) + 1 on the connected
component of N ′D ∩ g−1D (Bvj ) containing g−1D (Hvj,2′), where i is the index i of Wi,j
and (ri, θi, ti) are the coordinates of g
−1
D (B
v
j ) ∩NR′i .
(R-E) The coordinates (u, v, w) on E ∩ g−1D (NRi) are chosen so that
ti ◦ gD(u, v, w) = w + 1
and the first two coordinates of NRi = Ri × [0, 1] do not depend on w.
(R-F) The coordinates (u, v, w) on F ∩ g−1D (NRi) are chosen so that
ti ◦ gD(u, v, w) = w − 1
and the first two coordinates of NRi = Ri × [0, 1] do not depend on w.
(B-E) The coordinates (u, v, w) on the connected component of E∩g−1D (Bkj ) containing
g−1D (H
k
j,4) are chosen so that
tkj ◦ gD(u, v, w) = w + c,
where c = 3 if k = e and c = 5 if k = v, and the first two coordinates of Bkj do
not depend on w.
(B-F) The coordinates (u, v, w) on the connected component of F ∩g−1D (Bkj ) containing
g−1D (H
k
j,1) are chosen so that
tkj ◦ gD(u, v, w) = w + tkj ◦ gD(u, v, 0)
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and the first two coordinates of Bkj do not depend on w.
Due to the choice of these coordinates, we see that each of the 1-forms g∗EηP on E
and g∗F ηP on F is invariant under translation to the w-coordinate, which allows us to
extend these forms to the whole ND canonically. Let ηE and ηF denote the 1-forms on
ND obtained by extending g
∗
EηP on E and g
∗
F ηP on F to ND, respectively. We then
define the 1-form ηD on ND as
(5.4) ηD = (1− τ(w))ηE + τ(w)ηF ,
where τ : [−ε, 1+ε]→ [0, 1] is a monotone increasing smooth function such that τ(w) = 0
for −ε ≤ w ≤ 0 and τ(w) = 1 for 1 ≤ w ≤ 1 + ε.
By the construction, we have g∗DηP = ηD on E ∪ F . Thus, for gluing the 1-forms ηD
on ND and ηP on NP , it is enough to show their coincidence on N
′′
D = {(u, v, w) ∈ ND |
gD(u, v, 1/2) ∈ NQ}, see Figure 19.
Ri
R′iN
′′
D
Bkj
F
E
N ′′DR′i
Figure 19. The set N ′′D.
Lemma 5.5. g∗DηP = ηD on N
′′
D.
Proof. Since ηE = g
∗
EηP on E∩N ′′D and ηF = g∗F ηP on F ∩N ′′D are given as the pull-backs
of the same form ηP = dt
k
j and (u, v, w) satisfies the condition (B-D’), we have ηE = ηF
on N ′′D. Since g
∗
EηP = ηD on E ∩N ′′D, g∗F ηP = ηD on F ∩N ′′D and both of g∗DηP and ηD
are defined on N ′′D by the linear sum of those on E ∩ N ′′D and F ∩ N ′′D as in (5.4), we
have g∗DηP = ηD on N
′′
D. 
Thus the 1-forms ηD on ND and ηP on NP are glued along g
−1
D (NP ), which we denote
by η.
Topologically, the decomposition of M into Bej (j = 1, . . . , ne), B
v
j (j = 1, . . . , nv),
NRi (i = 1 . . . , n) and ND depends only on the positive flow-spine P . We then choose
coordinates (xej , y
e
j , t
e
j), (x
v
j , y
v
j , t
v
j ), (ri, θi, ti), (u, v, w) on these pieces and define the
1-form η by using these coordinates.
Definition. Let C be coordinates on the pieces of the decomposition of M with respect
to P . We call C a coordinate system of M with respect to P and the 1-form η obtained
from C as above the reference 1-form of (P, C).
In the rest of this section, we discuss some properties of η and dw on ND and prove
the inequality η ∧ dη ≥ 0. Set Wˆi,j = {(u, v, w) ∈ ND | gD(u, v, 0) ∈ Wi,j} and Wˇi,j =
{(u, v, w) ∈ ND | gD(u, v, 1) ∈ Wi,j}, see Figure 20, and then set Wˆ =
⋃
i,j Wˆi,j and
Wˇ =
⋃
i,j Wˇi,j .
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Wˇi,j
tvj
xvj
yvj Wˆi,j
Figure 20. The sets Wˆi,j and Wˇi,j .
We first introduce the sets SE and SF on D
2 × {−ε} and D2 × {1 + ε}, respectively.
Roughly speaking, SE and SF are graphs of the DS-diagram of P on the lower and upper
hemispheres, respectively, when we regard ND as the 3-ball for the DS-diagram. For each
i = 1, . . . , ne, we set T
e
i,E = B
e
i ∩ {yei = 32} ∩ gD(D2 × {−ε}) and T ei,F = Bei ∩ {yei =
3
2} ∩ gD(D2 × {1 + ε}). For each j = 1, . . . , nv, we set
T vj,E =B
v
j ∩ gD(D2 × {−ε})∩({
yvj =
3
2
, tvj > 4
}
∪
{
xvj =
3
2
,
3
2
≤ yvj ≤ 3
}
∪
{
xvj =
3
2
, tvj < 3
})
and
T vj,F =B
v
j ∩ gD(D2 × {1 + ε})∩({
xvj =
3
2
, tvj < 4
}
∪
{
yvj =
3
2
,
3
2
≤ xvj ≤ 3,
}
∪
{
yvj =
3
2
, tvj > 2
})
.
See the left in Figure 21, where most parts of T vj,F are hidden behind. Then SE and SF
are set as
SE = g
−1
D
( ne⋃
i=1
T ei,E
)
∪
 nv⋃
j=1
T vj,E
 and SF = g−1D
( ne⋃
i=1
T ei,F
)
∪
 nv⋃
j=1
T vj,F
 .
tvj
xvj
yvj
T vj,E
T vj,E
ε
0
1
2
3
4
5
tvj
xvj
yvj
Tˆ ′j
0
1
2
3
4
5
Tˆj
T vj,F
Figure 21. The sets T vj,E , (a piece of) T
v
j,F , Tˆj and Tˆ
′
j .
To explain the properties of η and dw, we decompose ND into several pieces and
observe them on each of these pieces. Recall that the coordinates (xej , y
e
j , t
e
j) on B
e
j and
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(xvj , y
v
j , t
v
j ) on B
v
j are chosen, in Section 5.2, such that
pr−1(Nbd(`j ;U ej )) = {(xej , yej , tej) ∈ Bej | 1 ≤ yej ≤ 2},
pr−1(Nbd(`j ;Uvj )) = {(xvj , yvj , tvj ) ∈ Bvj | 1 ≤ yvj ≤ 2}, and
pr−1(Nbd(`′j ;U
v
j )) = {(xvj , yvj , tvj ) ∈ Bvj | 1 ≤ xvj ≤ 2}.
Let N ′Q ⊂ NQ be the closure of the union of pr−1(Nbd(`i;U ei )) for i = 1, . . . , ne and
pr−1
(
Nbd(`j ;U
v
j ) ∪Nbd(`′j ;Uvj )
)
\ (Tˆj ∪ Tˆ ′j) for j = 1, . . . , nv in NQ, where
Tˆj = B
v
j,2 ∩
{
(xvj , y
v
j , t
v
j ) ∈ Bvj | 4 ≤ tvj ≤ 5
}
and
Tˆ ′j = B
v
j,2′ ∩
{
(xvj , y
v
j , t
v
j ) ∈ Bvj | h(yvj ) ≤ tvj ≤ h(yvj ) + 1
}
,
see the right in Figure 21. Then we set AF = g
−1
F (N
′
Q) ∩ (D2 × {1 + ε}) and NA =
(AF × [−ε, 1 + ε]) ∪ Wˇ . See Figure 22, where prD2 is the first projection ND = D2 ×
[−ε, 1 + ε]→ D2,
prD2
AF
DS-diagram
SE
prD2SE
prD2NA
prD2SF
prD2Wˆ
SF prD2Wˇ
Figure 22. The positions of SE , SF , AF , NA, Wˆi,j and Wˇi,j .
The next lemma is about η outside Wˆ ∪ Wˇ .
Lemma 5.6. (1) ηD = dw on ND \NA.
(2) dηE = dηF = 0 on NA \ (Wˆ ∪ Wˇ ).
(3) ηE = dw on NA \N ′D.
(4) ηE = ηF = dw on N
′
D \ Wˆ .
Proof. On E \ NA, ηE is given by either g∗Ddti by Lemma 5.2 or g∗Ddtkj , k = e or v, by
the construction of ηE . Hence ηE = dw outside NA by the conditions (B-D’), (R-E) and
(B-E). Note that Wˆ ∪Wˇ ⊂ NA. Next we observe ηF on F \NA. This piece is the disjoint
union of g−1F (NRi) \ Wˇ for i = 1, . . . , n, and we have ηF = g∗Ddti on each g−1F (NRi) \ Wˇ .
Since dw = g∗Ddti by the condition (R-F), we have ηF = dw. Thus, by (5.4), we have
the assertion (1).
Since ηP is defined as dt
k
j on
(
gE(E ∩NA) ∩Bkj
)
\W vj and dti on (gE(E ∩NA) ∩NRi)\⋃
jWi,j , we have dηE = 0 on NA \ Wˆ . We also have dηF = 0 on NA \ Wˇ by the same
POSITIVE FLOW-SPINES AND CONTACT 3-MANIFOLDS 29
reason. This proves the assertion (2). On NA \ N ′D, ηE is given by either g∗Ddti by
Lemma 5.2 or g∗Ddt
k
j by the construction of ηE . Hence ηE = dw by the conditions (R-E)
and (B-E). This proves the assertion (3). The assertion (4) follows from the condition (B-
D’). 
In the next two lemmas, we discuss dw and η on Wˆ and Wˇ . The 1-form g∗Edti on
E ∩ Wˆi,j is invariant under translation to the w-coordinate. We extend it to the whole
Wˆi,j by this invariance and denote it again by g
∗
Edti. This is used in (1) below. The
extensions in (3) below are also given by the same idea.
Lemma 5.7. (1) dw = g∗Edti on Wˆi,j.
(2) ηE = g
∗
E
(
dti + σ(ri)
dhi,j
dθi
(θi)dθi
)
on E ∩ Wˆi,j.
(3) ηF = g
∗
Fdt
k
j = dw + g
∗
E
(
dhi,j
dθi
(θi)dθi
)
= g∗E
(
dti +
dhi,j
dθi
(θi)dθi
)
on F ∩ Wˆi,j,
where g∗E
(
dhi,j
dθi
(θi)dθi
)
and g∗E
(
dti +
dhi,j
dθi
(θi)dθi
)
are the extensions of those on
E ∩ Wˆi,j to the whole Wˆi,j.
Proof. Since dtkj = dw+
dhi,j
dθi
(θi)dθi by the condition (B-D’) and dt
k
j = dti +
dhi,j
dθi
(θi)dθi
by the definition of gRi on Wi,j , we have dw = g∗Edti on E ∩ Wˆi,j . Since both of
dw and g∗Edti are invariant under translation to the w-coordinate, the assertion (1)
holds. On E ∩ Wˆi,j , we have the assertion (2) by Lemma 5.2. On F ∩ Wˆi,j , g∗Fdtkj =
dw + g∗F
(
dhi,j
dθi
(θi)dθi
)
= dw + g∗E
(
dhi,j
dθi
(θi)dθi
)
by the condition (B-D’) and g∗Fdt
k
j =
g∗Edt
k
j = g
∗
E
(
dti +
dhi,j
dθi
(θi)dθi
)
by the condition (B-D’) and the gluing map (5.2). Thus
the assertion (3) holds. 
The 1-form g∗Fdti on F ∩ Wˇi,j is invariant under translation to the w-coordinate. We
extend it to the whole Wˇi,j by this invariance and denote it by again by g
∗
Fdti.
Lemma 5.8. (1) dw = g∗Fdti on Wˇi,j.
(2) ηE = dw on E ∩ Wˇi,j.
(3) ηF = g
∗
F
(
dti + σ(ri)
dhi,j
dθi
(θi)dθi
)
on F ∩ Wˇi,j.
Proof. Since dtkj = dw +
dhi,j
dθi
(θi)dθi by the condition (B-F) and dt
k
j = dti +
dhi,j
dθi
(θi)dθi
by the gluing map (5.2), we have dw = g∗Fdti on F ∩ Wˇi,j . Since both of dw and
g∗Fdti are invariant under translation to the w-coordinate, the assertion (1) holds. The
assertion (2) follows from the property that Wˆ ∩ Wˇ = ∅. The assertion (3) follows from
Lemma 5.2. 
The next inequality is important for making contact forms in the proof of Theorem 1.1.
Lemma 5.9. η ∧ dη ≥ 0 on M .
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Proof. The inequality holds on M \ ND by Lemma 5.4. On ND \ NA, η ∧ dη = 0 by
Lemma 5.6 (1). From (5.4), we have
ηD ∧ dηD = ((1− τ(w))ηE + τ(w)ηF ) ∧
(
− dτ
dw
(w)dw ∧ ηE
+(1− τ(w))dηE + dτ
dw
(w)dw ∧ ηF + τ(w)dηF
)
=(1− τ(w))2ηE ∧ dηE + (1− τ(w)) dτ
dw
(w)ηE ∧ dw ∧ ηF
+ (1− τ(w))τ(w)ηE ∧ dηF − τ(w) dτ
dw
(w)ηF ∧ dw ∧ ηE
+ (1− τ(w))τ(w)ηF ∧ dηE + τ(w)2ηF ∧ dηF
=(1− τ(w))2ηE ∧ dηE + dτ
dw
(w)ηE ∧ dw ∧ ηF
+ (1− τ(w))τ(w)(ηE ∧ dηF + ηF ∧ dηE) + τ(w)2ηF ∧ dηF .
This form vanishes on NA \ (Wˆ ∪ Wˇ ) by Lemma 5.6. Thus it is enough to show the
inequality on Wˆ ∪ Wˇ .
Let (g∗Edt)Wˆi,j denote the extension of g
∗
Edti on E ∩ Wˆi,j to Wˆi,j . By Lemma 5.7 (2)
and (3), we have ηE ∧ (g∗Edt)Wˆi,j ∧ ηF = 0 on Wˆi,j . By Lemma 5.7 (1), dw = (g∗Edt)Wˆi,j .
Hence the term dτdw (w)ηE ∧ dw ∧ ηF vanishes on Wˆi,j . The terms with dηF vanish since
dηF = 0 by Lemma 5.7 (3). The 3-form ηE ∧ dηE is calculated, by Lemma 5.7 (2), as
ηE ∧ dηE = g∗E
(
dti + σ(ri)
dhi,j
dθi
(θi)dθi
)
∧ g∗E
(
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi
)
= g∗E
(
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi ∧ dti
)
,
where the pull-backs of forms by gE are regarded as their extensions to ND. Also, by
Lemma 5.7 (2) and (3), we have
ηF ∧ dηE = g∗E
(
dti +
dhi,j
dθi
(θi)dθi
)
∧ g∗E
(
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi
)
= g∗E
(
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi ∧ dti
)
,
where the pull-backs of forms by gE are regarded as their extensions to ND. Since σ and
hi,j are monotone increasing, these two terms are non-negative. Thus ηD ∧ dηD ≥ 0 on
Wˆ .
On Wˇi,j , by Lemma 5.8 (2),
dηD = d((1− τ(w))ηE + τ(w)ηF ) = dτ
dw
dw ∧ ηF + τ(w)dηF
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and hence, by Lemma 5.8, we have
ηD ∧ dηD = (1− τ(w))τ(w)dw ∧ dηF + τ(w)2ηF ∧ dηF
= τ(w)g∗F
(
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi ∧ dti
)
≥ 0,
where the pull-back of a form by gF is regarded as its extension to ND. This completes
the proof. 
6. Existence
We use the same notations as in the previous section. In this section, we prove the
following theorem.
Theorem 6.1. Let P be a positive flow-spine of a closed, connected, oriented, smooth
3-manifold M . Then there exists a contact form on M whose Reeb flow is carried by P .
6.1. The 1-form β on P . In this subsection, we construct a 1-form β on a positive
flow-spine P of M that will be used to give a contact form on M .
Let P be a positive flow-spine of M . We assume that P is embedded in M so that,
for each edge e of P , the closure of the union of any pair of adjacent regions that induce
opposite orientations to e is smooth along e. Hereafter, a 1-form on P means that it is
obtained by gluing the pullback of a 1-form on Q′ by the projection prQ : Q → Q′ and
1-forms on the smooth surfaces R1, . . . , Rn.
Set GE = prD2(SE) and GF = prD2(SF ). Each region Ri of P corresponds to a region
Si on D
2 bounded by GE∪∂D2 as Si = prD2 ◦g−1D (Ri×{1}). Each region Si divides into
several regions by GF . For example, the 1-gon bounded by GE in Figure 23 divides into
three regions by GF . We denote the graph (prRi ◦ gE ◦pr−1D2)(GF ∩Si) on Ri by GRi , the
neighborhood prRi ◦ gD(NA) of GRi ∪ ∂Ri in Ri by ARi and the connected components
of Ri \GRi by Ri1, . . . , Rini , see Figure 23.
GE
GF
Si
Ri Ri
GRi ARiRi1
Ri3
Ri2
prD2AF
prD2Wˆi,j
prD2Wˇi,j
Figure 23. The graph GRi , the divided regions Ri1, . . . , Rini and the
neighborhood ARi .
We may choose a coordinate system C of M with respect to P so as to satisfy the con-
ditions (B-D’), (R-E), (R-F), (B-E) and (B-F) in the previous section and the following
additional condition:
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(A) There exists a deformation retraction from ARi to GRi ∪ ∂Ri in each Ri.
Definition. A coordinate system C is said to be non-degenerate if it satisfies the condi-
tions (B-D’), (R-E), (R-F), (B-E), (B-F) and (A).
For a 1-form β on P , let βˆ be the 1-form on NP defined by pr
∗β on NQ and
(6.1) (1− σ(ri))(prQ ◦ gRi)∗β + σ(ri)pr∗Riβ
on NRi . The 1-forms g∗E βˆ on E and g
∗
F βˆ on F can extend to the whole ND since they
are invariant under translation to the w-coordinate. Let βˆE and βˆF denote the 1-forms
on ND obtained by extending g
∗
E βˆ on E and g
∗
F βˆ on F to ND, respectively.
Lemma 6.2. The 1-form βˆ does not depend on the variable tkj on B
k
j for k = e, v and
the variable ti on NRi.
Proof. On NP \
⋃
i,jWi,j , the assertion is obvious from the construction of βˆ. On Wi,j ,
both of (prQ ◦ gRi)∗β and pr∗Riβ depend only on the coordinates (ri, θi) by (6.1). Thus
the assertion follows. 
Let η be the reference 1-form of (P, C), where C is a non-degenerate coordinate system.
Let ηE and ηF be the 1-forms on ND used when we define η in the previous section.
Lemma 6.3. There exists a 1-form β on P such that
(a) dβ > 0 on P , and
(b) max{|BE |, |BF |} < 12 min{dβˆE ∧ η, dβˆF ∧ η} on NA,
where
BE = βˆE ∧
(
− dτ
dw
(w)η ∧ dw + (1− τ(w))dη
)
and
BF = βˆF ∧
(
dτ
dw
(w)η ∧ dw + τ(w)dη
)
.
Proof. Since P is a positive flow-spine, it satisfies the admissibility condition by Propo-
sition 4.5. Hence we can choose real numbers x1, . . . , xm that satisfy inequality (4.1).
Each region Ri divides into several regions Rij by GRi . If an edge e of S(P ) with a real
number x(e) divides into ke edges, then we assign x(e)/ke to each of the ke edges, where
the orientations of the ke edges are chosen so that they are consistent with that of e. We
then assign orientations to the edges of GRi and assign real numbers to them so that,
for each region Rij , the sum of all assigned real numbers along ∂Rij is strictly positive.
The existence of such an assignment will be proved in Lemma 6.4 below.
Now we take the real 2-plane R2 with the coordinates (x, y) and set the 1-form xsdy
on it, where s is a positive real number. Set U = {(x, y) ∈ R2 | 0 < x < 1}. For each
vertex v of pr(S(P )), we choose an open disk Qv in U with the 1-form x
sdy. For each
edge e of pr(S(P )) connecting vertices v1 and v2, we choose an embedded arc γe in U
with an open neighborhood Qe in U satisfying that
(1) the 1-form on Qe near the endpoints coincides with those on Qv1 and Qv2 , and
(2)
∫
γe
xsdy = x(e), where x(e) is the real number assigned to the edge e.
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We call the neighborhood Qe an open band. We can find such an open band since the
1-form xsdy does not depend on the y-coordinate while the integrated value depends on
the y-coordinate. By gluing such 1-forms for all open disks {Qv} and open bands {Qe}
and identifying the union of these pieces with Q′ so that the arc in each open band is
sent to the corresponding edge of S(P ) in Q′, we obtain a 1-form βQ′ on Q′.
We then define a 1-form βQ on Q by pr
∗
QβQ′ , where prQ : Q → Q′ is the projection
introduced in Section 5.2.
On each Ri, we set the 1-form on g
−1
Ri
(Q) by g∗RiβQ, where gRi : R′i × {12} → Q is
the restriction of gRi to R′i × {12}. Note that g∗RiβQ is induced from the form xsdy on
U for each of neighborhoods of vertices and edges of S(P ) in ∂Ri. We then extend it
to a 1-form βARi on ARi using x
sdy by the same manner. Next, we extend the 1-form
βARi to the whole Ri by using the argument of Thurston and Winkelnkemper [52]. For
each region Rij , choose a volume form Ωij on Rij that satisfies
∫
Rij
Ωij =
∫
∂Rij
βARi and
Ωij = d(βARi ) on ARi∩Rij . Let β′Rij be any 1-form on Rij that equals βARi on ARi∩Rij .
By Stokes’ theorem, we have∫
Rij
(Ωij − dβ′Rij ) =
∫
Rij
Ωij −
∫
∂Rij
β′Rij =
∫
Rij
Ωij −
∫
∂Rij
βARi = 0.
The closed 2-form Ωij − dβ′Rij represents the trivial class in cohomology vanishing on
ARi ∩ Rij . By de Rham’s theorem, there is a 1-form ζi,j on Rij vanishing on ARi ∩ Rij
and satisfying dζij = Ωij−dβ′Rij . Define βRij = β′Rij +ζij . Then dβRij = Ωij is a volume
form on Rij and βRij coincides with βARi on ARi ∩Rij .
Gluing βARi on ARi and βRij on Rij ’s for each Ri and then gluing them with the
1-forms βQ on Q, we obtain a 1-form β on P that satisfies dβ > 0 on P .
Next we check the condition (b). By the construction, βˆE and βˆF on NA are defined
by gluing 1-forms of type xsdy. The convergence of xsdy as s goes to the infinity is faster
than that of d(xsdy) = sxs−1dx∧ dy since 0 < x < 1. Hence the inequality on NA in the
condition (b) is satisfied for a sufficiently large s if the right-hand side is positive. On
NA, the forms ηE and ηF are either dt
k
j for k = e or v, dti or those given in Lemmas 5.7
and 5.8. Since η is given by the linear sum of ηE and ηF as in (5.4), Lemma 6.2 and the
condition (a) imply the inequalities dβˆE ∧ η > 0 and dβˆF ∧ η > 0. This completes the
proof. 
For an immersed oriented circle or arc a and an edge e in an oriented graph, set I(a, e)
to be the integer that counts how many times a passes through e algebraically.
Lemma 6.4. Suppose that real numbers x1, . . . , xni are assigned to the oriented edges
e1, . . . , eni on ∂Ri such that
∑ni
k=1 I(∂Ri, ek)xk > 0. Then there exists an assignment
of real numbers x′1, . . . , x′n′i to the oriented edges e
′
1, . . . , e
′
n′i
of GRi such that they satisfy∑n′i
k=1 I(∂Rij , e
′
k)x
′
k > 0 for each region Rij.
Proof. Adding an edge to GRi if necessary, we may assume that GRi ∪ ∂Ri is connected.
Then, the graph GRi is obtained from ∂Ri by adding
(I) a vertex to the interior of an edge,
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(II) an edge to a vertex (in consequence, a new vertex is added to the other end of
the edge),
(III) an edge connecting two vertices, where the two vertices are possibly the same
vertex.
We prove the assertion by induction on the total number of steps (I), (II) and (III) to
obtain GRi∪∂Ri from ∂Ri. The assertion is true for the graph on ∂Ri by the assumption.
Suppose that the assertion holds after applying the steps (I), (II) and (III) finite times
and consider to apply one of them once more. In case (I), if the real number assigned to
the edge is x then we assign x/2 to each of the two edges separated by the new vertex,
where the orientations of these two edges are the one induced from the original edge.
This assignment satisfies the assertion. In case (II), we can assign any real number to the
edge since both sides of the added edge belong to the same region. Hence this assignment
satisfies the assertion by the assumption of the induction.
In case (III), the two regions adjacent to the added edge are different. Denote these
two regions by R′1 and R′2. For k = 1, 2, let x′k be the sum of assigned real numbers
along the boundary of R′k except the added edge. By the assumption of the induction,
we have x′1 +x′2 > 0. Set δ = (x′1 +x′2)/2 and assign the real number δ−x′1 to the added
edge with orientation induced by R′1. Then the sum of real numbers along the boundary
of R′1 is δ > 0 and that along the boundary of R′2 is x′2 − (δ − x′1) = δ > 0. Thus the
assertion holds, and this completes the proof by induction. 
6.2. Proof of Theorem 6.1. Let C be a non-degenerate coordinate system of P and
η be the reference 1-form of (P, C). Let β be a 1-form on P constructed in Lemma 6.3.
The 1-form βˆ on NP is defined as explained before Lemma 6.2.
Lemma 6.5. βˆ ∧ dβˆ = 0, βˆ ∧ dη = 0 and dβˆ ∧ η > 0 on NP .
Proof. Lemma 6.2 implies βˆ ∧ dβˆ = 0, Lemma 5.3 implies βˆ ∧ dη = 0 on NP \
⋃
i,jWi,j ,
and Lemmas 6.2 and 5.3 imply βˆ ∧ dη = 0 on Wi,j . The last assertion follows from the
linear sum (5.3) with ηR′i = g
∗
Ri(dt
k
j ) and Lemma 6.3 (a). 
Lemma 6.6. The 1-form αP,R = βˆ + Rη is a contact form on NP whose Reeb vector
field is positively transverse to P for any R > 0.
Proof. The 1-form αP,R is a contact form on B
k
j \
⋃
i gRi(NRi), for k = e or v, since the
form is given as αP,R = βˆ +Rdt
k
j and dβˆ ∧ dtkj > 0 holds by Lemma 6.3 (a). It is also a
contact form on NRi \
⋃
jWi,j since the form is given as αP,R = βˆ +Rdti by Lemma 5.2
and dβˆ ∧ dti > 0 by Lemma 6.3 (a). On Wi,j , the 3-form αP,R ∧ dαP,R is given as
αP,R ∧ dαP,R = βˆ ∧ dβˆ +Rη ∧ dβˆ +Rβˆ ∧ dη +R2η ∧ dη,
which is positive by Lemma 6.5 and η ∧ dη ≥ 0 in Lemma 5.4.
Next we check that the Reeb vector field RαP,R of αP,R is transverse to P . On B
k
j \⋃
i gRi(NRi), since β is defined from the 1-form x
sdy on R2, the Reeb vector field of αP,R
is given as ∂
∂tkj
. Hence the assertion holds.
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On NRi \
⋃
jWi,j , αP,R = βˆ + Rdti by Lemma 5.2 and hence RαP,R =
1
R
∂
∂ti
by
Lemma 6.2. Thus the assertion holds.
On Wi,j , by Lemma 5.3,
αP,R ∧ dαP,R
(
RαP,R ,
∂
∂ri
,
∂
∂θi
)
=
(
dβˆ +R
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi
)(
∂
∂ri
,
∂
∂θi
)
= dβˆ
(
∂
∂ri
,
∂
∂θi
)
+R
dσ
dri
(ri)
dhi,j
dθi
(θi).
The right-hand side is positive since dβ > 0 by Lemma 6.3 (a) and σ and hi,j are
monotone increasing. Since αP,R is a contact form, RαP,R is positive with respect to〈
∂
∂ri
, ∂∂θi
〉
. This means that RαP,R is positively transverse to P on Wi,j . 
Proof of Theorem 6.1. Let βˆE and βˆF be the 1-forms on ND obtained from the 1-form
g∗Dβˆ on E and F , respectively, by extending it to the whole ND as we introduced before
Lemma 6.2. Define the 1-form αR on ND = D
2 × [0, 1] as
(6.2) αR = (1− τ(w))βˆE + τ(w)βˆF +Rη,
where R > 0. This coincides with αP,R on g
−1
D (NP ). To show that αR is a contact form
on M , by Lemma 6.6, it is enough to show that αR is a contact form on ND. The 3-form
αR ∧ dαR is calculated as
αR ∧ dαR =− dτ
dw
(w)βˆE ∧ βˆF ∧ dw +R dτ
dw
(w)(−βˆE + βˆF ) ∧ η ∧ dw
+R((1− τ(w))βˆE + τ(w)βˆF ) ∧ dη
+R((1− τ(w))dβˆE + τ(w)dβˆF ) ∧ η +R2η ∧ dη,
where we used βˆE ∧ dβˆE = βˆF ∧ dβˆF = βˆE ∧ dβˆF = βˆF ∧ dβˆE = 0 since βˆE and βˆF
depend only on the coordinates (x, y) of each local coordinate chart on prNA and only
on (ri, θi) on each NRi as in Lemma 6.2.
On NA, since β satisfies the condition (b) in Lemma 6.3, the absolute value of the
sum of the second and third terms divided by R is bounded above as
|BE +BF | ≤ |BE |+ |BF | < min
{
dβˆE ∧ η, dβˆF ∧ η
}
≤ ((1− τ(w))dβˆE + τ(w)dβˆF ) ∧ η.
This inequality and Lemma 5.9 show that αR ∧ dαR is positive on NA for a sufficiently
large R. On ND \NA, we have dη = 0 and dw ∧ η = 0 by Lemma 5.6 (1). We also have
dβˆE ∧ η > 0 and dβˆF ∧ η > 0 by Lemma 5.6 (1) and Lemma 6.3 (a) and η ∧ dη ≥ 0 by
Lemma 5.9. Thus αR ∧ dαR is positive on ND \NA for a sufficiently large R > 0. Thus
αR is a contact form on ND for a sufficiently large R.
Next we check that the Reeb flow of αR is carried by P . It had been checked on NP in
Lemma 6.6. Let RαR be the Reeb vector field of αR. On ND, with coordinates (u, v, w)
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of ND,
αR ∧ dαR
(
RαR ,
∂
∂u
,
∂
∂v
)
=d((1− τ(w))βˆE + τ(w)βˆF +Rη)
(
∂
∂u
,
∂
∂v
)
=((1− τ(w))dβˆE + τ(w)dβˆF
+R((1− τ(w))dηE + τ(w)dηF ))
(
∂
∂u
,
∂
∂v
)
,
where we used dw( ∂∂u) = dw(
∂
∂v ) = 0. By Lemma 6.3 (a), we have ((1 − τ(w))dβˆE +
τ(w)dβˆF )
(
∂
∂u ,
∂
∂v
)
> 0.
OnND\(Wˆ∪Wˇ ), the term ((1−τ(w))dηE+τ(w)dηF ))
(
∂
∂u ,
∂
∂v
)
vanishes by Lemma 5.6 (1)
and (2) and hence αR ∧ dαR
(
RαR ,
∂
∂u ,
∂
∂v
)
> 0.
On Wˆi,j , we have ((1− τ(w))dηE + τ(w)dηF ))
(
∂
∂u ,
∂
∂v
) ≥ 0 since
dηE
(
∂
∂u
,
∂
∂v
)
= g∗E
(
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi
)(
∂
∂u
,
∂
∂v
)
≥ 0
on E ∩ Wˆi,j by Lemma 5.7 (2) and dηF
(
∂
∂u ,
∂
∂v
)
= 0 on F ∩ Wˆi,j by Lemma 5.7 (3).
On Wˇi,j , we also have ((1− τ(w))dηE + τ(w)dηF ))
(
∂
∂u ,
∂
∂v
) ≥ 0 since dηE ( ∂∂u , ∂∂v) = 0
on E ∩ Wˇi,j by Lemma 5.8 (2) and
dηF
(
∂
∂u
,
∂
∂v
)
= g∗F
(
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi
)(
∂
∂u
,
∂
∂v
)
≥ 0
on F ∩ Wˇi,j by Lemma 5.8 (3).
Thus αR∧dαR
(
RαR ,
∂
∂u ,
∂
∂v
)
> 0 holds on the whole ND. Since αR is a positive contact
form, Rα is positively transverse to
〈
∂
∂u ,
∂
∂v
〉
on ND. This completes the proof. 
7. Uniqueness
In this section, we prove the following theorem, which is the uniqueness asserted in
Theorem 1.1.
Theorem 7.1. Let P be a positive flow-spine of M and α0 and α1 be contact forms on
M whose Reeb flows are carried by P . Then the contact structures kerα0 and kerα1 are
isotopic.
Lemma 7.2. Let C be a non-degenerate coordinate system C of M with respect to a
positive flow-spine P . Let η be the reference 1-form of (P, C). For i = 0, 1, let αi be a
contact form on M satisfying αi ∧ dη + dαi ∧ η > 0. Then there exists a one-parameter
family of contact forms connecting α0 and α1.
Proof. For each αi, set αR,i = αi +Rη for R ≥ 0. Then
αR,i ∧ dαR,i = αi ∧ dαi +R(αi ∧ dη + dαi ∧ η) +R2η ∧ dη.
The assumption αi ∧ dη+ dαi ∧ η > 0 and the inequality η ∧ dη ≥ 0 in Lemma 5.9 imply
that αR,i is a contact form for any R ≥ 0.
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Set αR,s = (1− s)α0 + sα1 +Rη for s ∈ [0, 1]. Then
αR,s ∧ dαR,s =(1− s)2α0 ∧ dα0 + s(1− s)(α0 ∧ dα1 + α1 ∧ dα0) + s2α1 ∧ dα1
+R{((1− s)dα0 + sdα1) ∧ η + ((1− s)α0 + sα1) ∧ dη}
+R2η ∧ dη.
Since the fourth term (having the coefficient R) is positive by the assumption and the
last term is non-negative by Lemma 5.9, this 3-form is positive for any s ∈ [0, 1] if R is
sufficiently large. Combining this with the observation in the first paragraph, we have
the assertion. 
Lemma 7.3. Let C be a non-degenerate coordinate system of M with respect to a positive
flow-spine P and let η be the reference 1-form of (P, C). Then there exists a contact form
α such that α ∧ dη + dα ∧ η > 0 and its Reeb flow is carried by P .
Proof. Let α be a contact form whose Reeb flow is carried by P given in Theorem 6.1.
On NP , it is given, in Lemma 6.6, as α = βˆ +Rη. Thus we have
α ∧ dη + dα ∧ η = βˆ ∧ dη + dβˆ ∧ η + 2Rη ∧ dη > 0
by Lemmas 6.5 and 5.9. On ND, α is given, in (6.2), as αR = (1−τ(w))βˆE+τ(w)βˆF +Rη.
Thus we have
α ∧ dη + dα ∧ η = dτ
dw
(w)(−βˆE + βˆF ) ∧ η ∧ dw
+ ((1− τ(w))βˆE + τ(w)βˆF ) ∧ dη + ((1− τ(w))dβˆE + τ(w)dβˆF ) ∧ η
+ 2Rη ∧ dη.
This is positive on NA by the condition (b) in Lemma 6.3 and Lemma 5.9. On ND \NA,
we have α ∧ dη = ((1 − τ(w))dβˆE + τ(w)dβˆF ) ∧ dw since ηD = dw by Lemma 5.6 (1),
which is positive by the condition (a) in Lemma 6.3. This completes the proof. 
Next, we explain how to choose a coordinate system for a given contact form on M
and a positive flow-spine P that carries its Reeb flow. For each vertex vj of P , we choose
a neighborhood Nbd(vj ;M) of vj in M . Let pr be the projection from Nbd(vj ;M) to
R2 that identifies points connected by an orbit of the Reeb flow in Nbd(vj ;M). Choose
the coordinates xvj and y
v
j on pr(S(P )) as shown in Figure 24.
In Nbd(vj ;M), set the box [0, 3]
2 × [0, 5] with coordinates (xvj , yvj , tvj ), that is used in
Section 5.2 to define Bvj , so that
(i) the Reeb vector field Rα is parallel to
∂
∂tvj
in the same direction, that is, there ex-
ists a positive smooth function c : [0, 3]2×[0, 5]→ R such that ∂∂tvj = c(x
v
j , y
v
j , t
v
j )Rα
in [0, 3]2 × [0, 5], and
(ii) P ∩Bvj lies in the core of Bvj .
The rest pieces Bej and NRi of N(P ) are chosen canonically. We then choose the
coordinates (u, v, w) on ND so that
∂
∂w = C(u, v)Rα on (u, v, w), where C(u, v) is a
positive smooth function on (u, v).
We further assume, by choosing Bvj and B
e
j sufficiently small, that
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xvj
yvj
pr
S(P )
prS(P )
Figure 24. The coordinates xvj and y
v
j on pr(S(P )).
(iii) the coordinate system of M obtained as above is non-degenerate, and
(iv) the partial derivatives of C(u, v) are sufficiently close to 0 on Wˇ .
The condition (iv) is satisfied since as Bvj gets smaller the lengths of Reeb orbits in Wˇi,j
get close to the same length.
Lemma 7.4. Let P be a positive flow-spine of M and α be a contact form on M whose
Reeb flow is carried by P . Choose a non-degenerate coordinate system C of M with
respect to P as above. Assume that, for each Bvj , the coordinate x
v
j satisfies α
(
∂
∂xvj
)
< 0
in the box [0, 3]2× [0, 5] that contains Bvj . Then the reference 1-form η of (P, C) satisfies
α ∧ dη + dα ∧ η > 0.
Proof. On Bkj \
⋃
i gRi(NRi) for k = e or v, we have dη = d(dt
k
j ) = 0 and dα ∧ η > 0
since, with the coordinates (xkj , y
k
j , t
k
j ) of B
k
j ,
dα ∧ η
(
∂
∂xkj
,
∂
∂ykj
, Rα
)
= dtkj (Rα)dα
(
∂
∂xkj
,
∂
∂ykj
)
.
It satisfies dtkj (Rα) = dt
k
j
(
1
c
∂
∂tkj
)
= 1c > 0, where c = c(x
k
j , y
k
j , t
k
j ). We also have
dα
(
∂
∂xkj
, ∂
∂ykj
)
> 0 otherwise α cannot be a positive contact form. Thus α∧dη+dα∧η > 0
holds on Bkj \
⋃
i gRi(NRi).
OnNRi\
⋃
jWi,j , we have dη = 0 by Lemma 5.3. The inequality dα∧η > 0 follows from
Lemma 5.2 and the same observation used in the last paragraph. Thus α∧dη+dα∧η > 0
holds on NRi \
⋃
jWi,j .
On Wi,j , by Lemmas 5.2 and 5.3,
α ∧ dη + dα ∧ η = dσ
dri
(ri)
dhi,j
dθi
(θi)α ∧ dri ∧ dθi + dα ∧
(
dti + σ(ri)
dhi,j
dθi
(θi)dθi
)
.
The factors dσdri (ri) and
dhi,j
dθi
(θi) are non-negative and the 3-form α∧ dri ∧ dθi is positive
since ∂∂ti = cRα implies dri ∧ dθi(Rα, ·) = 0. Thus the first term is non-negative. We
have dti(Rα) > 0 and dθi(Rα) = 0, and also have dα
(
∂
∂ri
, ∂∂θi
)
> 0 otherwise α cannot
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be a positive contact form. Hence the second term is positive. Thus α∧ dη+ dα∧ η > 0
holds on Wi,j .
On ND,
dα ∧ η
(
∂
∂u
,
∂
∂v
,Rα
)
= η(Rα)dα
(
∂
∂u
,
∂
∂v
)
.
Since ∂∂w = C(u, v)Rα, we have η(Rα) > 0 on ND \NA by Lemma 5.6 (1). The inequality
η(Rα) > 0 also holds on NA \ (Wˆ ∪ Wˇ ) since η is a linear sum of some of dtkj for k = e, v
and dti and on Wˆ ∪Wˇ by Lemmas 5.7 and 5.8. We also have dα
(
∂
∂u ,
∂
∂v
)
> 0 otherwise α
cannot be a contact form. Thus dα∧η > 0. It remains to show the inequality α∧dη ≥ 0
on ND. On ND \ (Wˆ ∪ Wˇ ), we have dη = 0 by Lemma 5.6 (1) and (2).
We check α ∧ dη ≥ 0 on Wˆi,j . From (5.4), the 2-form dη on ND is given as
dη = − dτ
dw
(w)dw ∧ ηE + dτ
dw
(w)dw ∧ ηF + (1− τ(w))dηE + τ(w)dηF .
By Lemma 5.7 (1) and (2), dw ∧ ηE is the extension of g∗E
(
σ(ri)
dhi,j
dθi
(θi)dti ∧ dθi
)
and
dηE is the extension of g
∗
E
(
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi
)
to the whole Wˆi,j . Similarly, by
Lemma 5.7 (3), dw ∧ ηF is the extension of g∗E
(
dhi,j
dθi
(θi)dti ∧ dθi
)
to Wˆi,j and dηF = 0
on Wˆi,j . Hence
dη = g∗E
(
(1− σ(ri)) dτ
dw
(w)
dhi,j
dθi
(θi)dti ∧ dθi + (1− τ(w)) dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi
)
.
On E ∩ Wˆi,j , we have
α ∧ dη
(
∂
∂ri
,
∂
∂θi
, Rα
)
=− (1− σ(ri)) dτ
dw
(w)
dhi,j
dθi
(θi)α
(
∂
∂ri
)
dti(Rα)
+ (1− τ(w)) dσ
dri
(ri)
dhi,j
dθi
(θi),
where the coordinates (ri, θi, w) are regarded as those on Wˆi,j according to the product
structure of Wˆi,j in ND = D
2 × [−ε, 1 + ε]. Since Wˆi,j ⊂ [0, 3]2 × [0, 5], the inequality
α
(
∂
∂xvj
)
< 0 holds on Wˆi,j by the assumption, which implies α
(
∂
∂ri
)
< 0. Hence we
have α ∧ dη
(
∂
∂ri
, ∂∂θi , Rα
)
≥ 0.
We check α ∧ dη ≥ 0 on Wˇi,j . By Lemma 5.8,
dη =
dτ
dw
(w)g∗F
(
σ(ri)
dhi,j
dθi
(θi)dti ∧ dθi
)
+ τ(w)g∗F
(
dσ
dri
(ri)
dhi,j
dθi
(θi)dri ∧ dθi
)
.
On F ∩ Wˇi,j , we have
α ∧ dη
(
∂
∂ri
,
∂
∂θi
, Rα
)
=− dτ
dw
(w)σ(ri)
dhi,j
dθi
(θi)α
(
∂
∂ri
)
dti(Rα)
+ τ(w)
dσ
dri
(ri)
dhi,j
dθi
(θi),
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where (ri, θi, ti) are the coordinates of Wi,j ⊂ N ′Ri and (ri, θi, w) are regarded as the
coordinates on Wˇi,j according to the canonical product structure of Wˇi,j in ND = D
2 ×
[−ε, 1 + ε], see Figure 25. Since gRi(Wi,j) ⊂ Bvj , α
(
∂
∂ri
)
< 0 holds on Wi,j by the
assumption. Moreover, the same inequality holds on the whole Wˇi,j since
∂
∂w = C(u, v)Rα
satisfies
L ∂
∂w
α = d(ı ∂
∂w
α) = dC(u, v),
which is sufficiently close to 0 by the assumption (iv), where LX is the Lie derivative and
ıX is the interior product for a vector field X. Hence we have α ∧ dη
(
∂
∂ri
, ∂∂θi , Rα
)
≥ 0.
Rα
Wˇi,j
Wi,j
NRi
ri
θi
NR′i
gluing map gRi
ti
tvj
xvj
yvj
Bvj
Figure 25. The coordinates (ri, θi, w) on Wˇi,j .
Thus α∧ dη+ dα∧ η > 0 is satisfied on the whole ND. This completes the proof. 
Lemma 7.5. For i = 0, 1, let Ci be a non-degenerate coordinate system of M with respect
to a positive flow-spine P and ηi be the reference 1-form of (P, Ci). Let αi be a contact
form on M such that αi ∧ dηi + dαi ∧ ηi > 0 and its Reeb flow is carried by P . Then
there exists a one-parameter family of contact forms connecting α0 and α1.
Proof. For each i = 0, 1, let Gi be the graph obtained as the union of prD2SF and prD2SE
on the unit disk, where the interior points of the unit disk correspond to the Reeb orbits
starting and ending at points on P . Choose a deformation Gt of graph from G0 to G1
in a generic way. Let t1, . . . , ts be the points in [0, 1] at which Gtj has a self-tangency
or a triple point or an edge passing through a trivalent vertex. We call them degenerate
times. For each tj , we may obtain a non-degenerate coordinate system Ctj from the
graph Gtj canonically. Let Ptj denote the flow-spine P in the coordinate system Ctj and
ηtj be the reference 1-form of (Ptj , Ctj ). We then make a contact form αtj on M as in
Theorem 6.1.
Next we perturb the coordinate system Ctj slightly with fixing the contact form αtj so
that the degenerate time of Gtj is resolved. Figure 26 shows an example in the case when
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an edge passes through a trivalent vertex. The figure in the middle is Gtj . By small
perturbations of Ctj , we may obtain the graphs on the left and on the right in the figure.
One of the perturbed graphs can be regarded as Gtj−ε and the other can be regarded
as Gtj+ε. For each of them, we choose ARi sufficiently narrow so that it satisfies the
condition (A) in Section 6.1.
Gtj−ε Gtj Gtj+ε
Figure 26. Non-degenerate coordinate systems before and after passing
through a trivalent vertex.
Let Ptj−ε and Ptj+ε denote the flow-spine Ptj in the coordinate systems Ctj−ε and
Ctj+ε, respectively. We isotope Ptj−ε and Ptj+ε in a neighborhood of each vertex so that
it satisfies the assumption in Lemma 7.4 if necessary. This is done as shown in Figure 27.
The left in the figure is the case where we have α( ∂∂xvj
) > 0, that is, the assumption is
not satisfied. By rotating the flow-spine near the vertex as shown on the right, we may
set the coordinates (xvj , y
v
j , t
v
j ) so that α(
∂
∂xvj
) < 0.
α = 0
α > 0
α < 0
rotate
α = 0
α > 0
α < 0
yvj
xvj
xvj
yvj
Figure 27. Rotate the flow-spine so that the coordinates (xvj , y
v
j , t
v
j ) sat-
isfy α( ∂∂xvj
) < 0.
Applying Lemma 7.4 to these isotoped Ptj−ε and Ptj+ε, we obtain non-degenerate
coordinate systems Ctj−ε and Ctj+ε for Gtj−ε and Gtj+ε whose reference 1-forms ηtj−ε
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and ηtj+ε satisfy αtj ∧ dηtj−ε + dαtj ∧ ηtj−ε > 0 and αtj ∧ dηtj+ε + dαtj ∧ ηtj+ε > 0,
respectively. We set αt = αtj for t ∈ [tj − ε, tj + ε]. Set t0 = 0, ts+1 = 1, αt = α0 for
t ∈ [0, ε] and αt = α1 for t ∈ [1− ε, 1].
Now, for each j = 0, . . . , s, we choose a smooth family {Ct | t ∈ [tj + ε, tj+1 − ε]} of
non-degenerate coordinate systems connecting Ctj+ε and Ctj+1−ε. Then a smooth family
of reference 1-form ηt is also obtained for t ∈ [tj+ε, tj+1−ε]. For each t ∈ [tj+ε, tj+1−ε],
the set of contact forms α satisfying α ∧ dηt + dα ∧ ηt > 0 is open with Whitney C∞-
topology, connected by Lemma 7.2 and non-empty by Lemma 7.3. Therefore there
exists a one-parameter family of contact forms connecting αtj+ε and αtj+1−ε that satisfies
αt ∧ dηt + dαt ∧ ηt > 0 for t ∈ [tj + ε, tj+1 − ε]. Since αt = αtj for t ∈ [tj − ε, tj + ε],
the family αt, t ∈ [0, 1] is a one-parameter family of contact forms connecting α0 and
α1. 
Proof of Theorem 7.1. For each αi, i = 0, 1, we isotope Pi in a neighborhood of each ver-
tex as shown in Figure 27, if necessary, so that it satisfies the assumption in Lemma 7.4.
Applying Lemma 7.4, we obtain a non-degenerate coordinate system Ci such that the
reference 1-form ηi of (Pi, Ci) satisfies αi ∧ dηi + dαi ∧ ηi > 0. Thus the contact forms
α0 and α1 are connected by a one-parameter family of contact forms by Lemma 7.5. By
the Gray stability [20], kerα0 and kerα1 are isotopic. 
8. Surjectivity
In this section, we give the proof of Theorem 1.2. Recall that (M,Σ, L, φ) is called an
open book decomposition of a closed, oriented, smooth 3-manifold M if M is homeomor-
phic to the quotient space obtained from Σ× [0, 1] by the identification (x, 1) ∼ (φ(x), 0)
for x ∈ Σ and (y, 0) ∼ (y, t) for each y ∈ ∂Σ and any t ∈ [0, 1] with L being the quotient
of ∂Σ× [0, 1].
Definition. A vector field X on M is called a monodromy vector field of the open book
(M,Σ, L, φ) if
• X is tangent to the binding L and the orientation on L induced from Σ coincides
with the direction of X, and
• X is positively transverse to Int Σ× {t} for any t ∈ [0, 1].
In particular, the Reeb vector field used in the definition of the contact structure
supported by an open book in Section 2 is a monodromy vector field of the open book.
We first prove the following proposition.
Proposition 8.1. Let (M,Σ, L, φ) be an open book decomposition of a closed, connected,
oriented 3-manifold M whose page is a surface of genus at least 2 and whose binding is
connected. Then there exists a positive flow-spine on M that carries the flow generated
by a monodromy vector field of the open book.
Proof. Let g be the genus of Σ and a1, . . . , ag, b1, . . . , bg−1, c1, . . . , cg be the simple closed
curves on the page as in Figure 28. Let σai , σbi and σci denote the right-handed Dehn
twists along ai, bi and ci, respectively.
We represent the monodromy of the open book by a product of Dehn twists as
wm11 w
m2
2 · · ·wmnn , where wk is the Dehn twist along one of the curves a1, . . . , ag, b1, . . . , bg−1,
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ai−1 ai ai+1 ai+2
bi−1 bi bi+1
cici−1 ci+1
Figure 28. Curves for Dehn twists.
c1, . . . , cg. Here we read the product from left to right. Let f : M \ Int Nbd(L;M)→ S1
be a smooth non-singular map of the open book. Choose 6n points q1, . . . , q6n on S
1 in
the counter-clockwise order and set Σj = f
−1(qj). We assign to each Σj the orientation
as a page of the open book.
We first draw a graph, which will become S(P ), on each Σj as shown in Figures 29, 30,
31, 32, 33 and 34, depending on j modulo 6.
1
2
3
4
5
6
7
8
Figure 29. The singular set S(P ) on Σ6k.
1
2
3
4
5
6
7
8
Figure 30. The singular set S(P ) on Σ6k+1.
For each j = 1, . . . , 6n, the red graph Gredj on Σj and the blue graph G
blue
j on Σj+1
coincide as unoriented graphs up to isotopy, which we denote by Gj , and their orienta-
tions are opposite. Here we regard Σ6n+1 = Σ1. We attach Gj × [0, 1] between Σj and
Σj+1 such that Gj × {0} = Gredj and Gj × {1} = Gbluej . To each region of Gj × [0, 1]
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1
2
3
4
5
6
7
8
Figure 31. The singular set S(P ) on Σ6k+2.
1
2
3
4
5
6
7
8
Figure 32. The singular set S(P ) on Σ6k+3.
1
2
3
4
5
6
7
8
Figure 33. The singular set S(P ) on Σ6k+4.
1
2
3
4
5
6
7
8
Figure 34. The singular set S(P ) on Σ6k+5.
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we assign an orientation so that the induced orientation on the boundary coincides with
those of the edges of Gredj and G
blue
j . See Figure 35 for the orientations on Gj × [0, 1].
A vertex of this branched polyhedron can be seen as either an intersection of a red edge
and a blue edge on Σj or a trivalent vertex on Σj . Any vertex in the former case is of
`-type since the blue edge intersects the red one from the left to the right with respect
to the orientation of the red edge. Other vertices are those appearing in Figure 35 and
we can verify that they are of `-type in the figure directly.
Σj
Σj+1
Figure 35. Attach Gj × [0, 1]. Black arrows in the figure show the
smooth directions of the immersion of S(P ) at the vertices.
If wk = σ
mp
ap then we modify the p-th blue circle on Σ6k+1 as shown on the left in
Figure 36 if mp > 0 and as shown on the right if mp < 0. We may verify that all vertices
appearing by this modification are of `-type.
m times |m| times
Figure 36. Modification of the polyhedron according to the Dehn twists σ
mp
ap .
If wk = σ
mp
bp
then, we apply the same modification to the blue curve on Σ6k+2 shown
on the left in Figure 37, and if wk = σ
mp
cp then we do the same modification to the blue
curve on Σ6k+5 shown on the right. All vertices appearing by these modifications are
also of `-type.
We may choose a monodromy vector field of the open book on M \ Int Nbd(L;M)
such that it is positively transverse to the branched polyhedron constructed above. We
denote the obtained branched polyhedron embedded in M \ Int Nbd(L;M) by Pˆ1.
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modify this curve
Figure 37. Curves for modifications corresponding to the Dehn twists
σ
mp
bp
and σ
mp
cp .
Next, we construct a branched polyhedron in Nbd(L;M). For each (i, j), i = 1, . . . , 2g,
j = 1, . . . , 6n, we set a polyhedron Pi,j shown in Figure 38. Glue the left side of Pi,j
and the right side of Pi+1,j canonically, where we regard P2g+1,j as P1,j , and denote the
obtained polyhedron by Pj for j = 1, . . . , 6n. We then glue Pj and Pj+1 so that the top
of Pi,j is identified with the bottom of Pi,j+1, where P6n+1 is regarded as P1. We denote
the obtained polyhedron by Pˆ2. We assign orientations to the regions of Pˆ2 as shown
in Figure 38, so that Pˆ2 is a branched polyhedron. The boundary of Pˆ2 consists of 2g
circles and a connected graph. Attach a disk Di to each of 2g circles and denote the
obtained branched polyhedron by Pˆ3. We can embed Pˆ3 into the solid torus D
2 × S1
properly. We regard this D2 × S1 as Nbd(L;M) and glue Pˆ3 and Pˆ1 so that the simple
closed curve on ∂Pˆ3 ∩ Pj (green curve) coincides with the boundary of Σj in Pˆ1. We
denote the obtained branched polyhedron embedded in M by Pˆ4. We can easily check
that all vertices of Pˆ4 are of `-type.
Label i (red) on Σj
Label i (blue) on Σj
Go to Pi+1,j
Come from Pi−1,j
Come from Pi,j+1
Go to Pi,j−1
Figure 38. The piece Pi,j .
The complement M \ Pˆ4 consists of 2g + 6n open balls B1, . . . , B2g and B′1, . . . , B′6n,
where the 2g balls B1, . . . , B2g are the components bounded by Pˆ3 and each B
′
j , j =
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1, . . . , 6n, is the component of M \ Pˆ4 containing the connected component of M \(
Pˆ4 ∪Nbd(L;M)
)
between Σj and Σj+1.
The singular set S(P ) consists of 2g+6n immersed circles C1, . . . , C2g and C
′
1, . . . , C
′
6n,
where Ci is a simple closed curve passing through Pi,1, . . . , P1,6n, which is drawn in gray
in Figure 38, and C ′j is a simple closed curve given as follows: Start from Label 1 (red)
on Σ6k in Figure 29 and follow the arrow. Let Pi0,6k be the piece of Pˆ4 that contains
the starting point. The curve passes through Pi0,6k+1 as depicted with black arrows in
Figure 35 and comes back to Label 1 (blue) on Σ6k+1. Then, as shown in Figure 38, it
goes to Label 2 on Σ6k+1 and then goes down to Label 2 (red) on Σ6k. By the same
observation, we see that it passes through Labels 1, 2, . . . , 8 (red) on Σ6k in this order.
This curve goes further and finally comes back to Label 1 (red) on Σ6k. This is the curve
C ′1. By the same way, the curves C ′j , j = 2, . . . , 6n, are defined.
We modify a part of Ci on Pi,1 for each i = 1, . . . , 2g as shown in Figure 39 and
remove the bigon that appears by this move. This modification does not yield a new
vertex, connects Bi to B
′
1 and makes Ci and C
′
1 to be one immersed circle. Applying
this modification to each of C1, . . . , C2g, we obtain a branched polyhedron Pˆ5 with only
vertices of `-type such that M \ Pˆ5 consists of 6n open balls B′′1 , B′2, . . . , B′6n and S(P )
consists of 6n immersed circles C ′′1 , C ′2 . . . , C ′n, where B′′1 is the open ball obtained by
connecting B1, . . . , B2g with B
′
1 and C
′′
1 is the immersed circle obtained by connecting
C1, . . . , C2g with C
′
1.
remove this disk
Figure 39. Modification of Ci on Pi,j .
For each j = 2, . . . , 6n, we apply the same modification to the same part of C ′′1 on
P1,j . This does not yield a new vertex, connects B
′
j to B
′′
1 and makes C
′′
1 , C
′
2, . . . , C
′
n to
be one immersed circle. The obtained branched polyhedron Pˆ6 satisfies that all vertices
are of `-type, M \ Pˆ6 is one open ball and S(P ) is the image of an immersion of one
circle.
We can see directly that there exists a monodromy vector field of the open book whose
generated flow is carried by Pˆ6. Thus we obtain the assertion. 
To prove Theorem 1.2, we need to show the following stronger statement.
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Proposition 8.2. Let (M,Σ, L, φ) be an open book decomposition of a closed, connected,
oriented 3-manifold M whose page is a surface of genus at least 2 and whose binding is
connected. Then there exists a positive flow-spine P of M and a contact form α on M
such that the Reeb flow is carried by P and also is a monodromy vector field of the open
book.
Proof. By Proposition 8.1, there exists a positive flow-spine Pˆ6 whose flow is a mon-
odromy vector field of the open book. In the construction of Pˆ6, the polyhedron Pˆ3 is
contained in Nbd(L;M). Let NT be a small tubular neighborhood of ∂Nbd(L;M) in
M \ Int Nbd(L;M). Let (z′, r′, θ′) be local coordinates on NT given as shown in Fig-
ure 40. Note that the top horizontal faces of Bej are flat by the definition of B
e
j . We
choose coordinates (u, v, w) on ND so that
∂
∂w is tangent to ∂Nbd(L;M). Then we take a
1-form β on Pˆ6 and make a contact form α
′ on M according to the proof of Theorem 6.1
such that kerα′ is supported by Pˆ6.
meridian
page
page
θ′
z′
r′
Figure 40. Mutual positions of NP , pages and the meridians of the open
book on ∂Nbd(L;M).
We may set the position of the pages of the open book in M \ Int Nbd(L;M) in
such a way that the pages are transverse to Rα′ since the Reeb flow of α
′ is carried by
Pˆ6. However, it is not always possible to choose positions of pages of the open book in
Nbd(L;M) so that Rα′ is transverse to the pages in Nbd(L;M). For example, if Rα′ is
winding along L in the direction opposite to the open book then definitely we cannot
choose such positions. For this reason, we need to reconstruct α′ in Nbd(L;M) such
that Rα′ is transverse to the pages of an open book in Nbd(L;M).
Let D2s×S1 be the solid torus equipped with the contact form αb = h1(r)dz+h2(r)dθ,
where D2s is the 2-disk with radius s > 0, (r, θ) are the polar coordinates of D
2
s , and
h1(r) and h2(r) are functions such that
• (h1(0), h2(0)) = (1, 0),
•
(
dh1
dr (0),
dh2
dr (0)
)
= (0, 1),
• h1 is monotone decreasing and h2 is monotone increasing.
The curve (h1(r), h2(r)) is given as shown in Figure 41. Note that αb is a contact form
and its Reeb vector field Rαb is parallel to −dh1dr (r) ∂∂θ + dh2dr (r) ∂∂z in the same direction.
Let gT be a diffeomorphism from N
′
T = {(r, θ, z) ∈ D2s × S1 | s′ ≤ r ≤ s} to NT that
maps ∂Ds′ × {p}, p ∈ S1, to the meridians of the open book and {q} × S1, q ∈ ∂Ds′ , to
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h1(r)
h2(r)
1
the curve (h1(r), h2(r))
(h1(0), h2(0)) = (1, 0)
(h1(s), h2(s))
O
Figure 41. The curve (h1(r), h2(r)).
the pages in NT , where s
′ is a positive real number with s′ < s that is sufficiently close
to s, and further satisfies that
(i) g∗T η = ν1(θ, z)dθ + ν2(θ, z)dz with ν1(θ, z) > 0 and ν2(θ, z) ≥ 0, and
(ii) Rαb is positively transverse to ker(g
∗
T η).
We may choose such a diffeomorphism as shown in Figure 42.
meridian
page
page
Rαb
foliation of ker(φ∗η)
Figure 42. Mutual positions of the preimages of NP , pages and the
meridians of the open book by gT , the Reeb vector field Rαb (blue arrows)
and the foliations of ker(g∗T η) (drawn in gray) on ∂Nbd(L;M).
Set αc = g
∗
T (α
′). We define a contact form αT on NT as
αT = (1− χ(r))αb + χ(r)αc,
where χ is a monotone increasing smooth function which is 0 for r ≤ s′ and 1 for r ≥ s.
Then
αT ∧ dαT =(1− χ(r))2αb ∧ dαb + dχ
dr
(r)αb ∧ dr ∧ αc
+ (1− χ(r))χ(r)(αb ∧ dαc + αc ∧ dαb) + χ(r)2αc ∧ dαc.
The second term is dχdr (r)αb ∧ dr ∧ αc = dχdr (r)(h1(r)dz + h2(r)dθ) ∧ dr ∧ g∗T (βˆ +Rη).
Since g∗T η = ν1(θ, z)dθ+ν2(θ, z)dz with ν1(θ, z) > 0 and ν2(θ, z) ≥ 0 by the condition (i),
we have
(h1(r)dz + h2(r)dθ) ∧ dr ∧ g∗T η = (h1(r)ν1(θ, z)− h2(r)ν2(θ, z))dz ∧ dr ∧ dθ.
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We choose s > 0 to be sufficiently small, which implies that h2(r) is sufficiently small
and hence (h1(r)ν1(θ, z)− h2(r)ν2(θ, z))dz ∧ dr ∧ dθ > 0. Choosing R to be sufficiently
large, we may conclude that the second term is non-negative.
Now we observe the third term. Substituting αc = g
∗
T (βˆ +Rη), we have
αb ∧ dαc + αc ∧ dαb = αb ∧ g∗T (dβˆ) + g∗T (βˆ +Rη) ∧ dαb,
where we used dη = 0 on ND \ (Wˆ ∪ Wˇ ) shown in Lemma 5.6 (1) and (2). Note that
NT ∩ (Wˆ ∪ Wˇ ) = ∅ due to the choice of the coordinates (u, v, w) in the first paragraph
of this proof. Since Rαb is positively transverse to ker η due to the condition (ii), we
have g∗T η ∧ dαb > 0. Hence the third term is positive for a sufficiently large R. Thus
αT is a contact form on NT . This means that we can glue the contact forms α
′ on
M \ Int Nbd(L;M) and αb on Nbd(L;M) along NT = gT (N ′T ) via the gluing map gT .
We denote the obtained contact form on M by α′′.
We can extend Pˆ6 in M \Int Nbd(L;M) into Nbd(L;M) such that the vector field Rα′′
is positively transverse to Pˆ6 in Nbd(L;M). Thus the Reeb flow of α
′′ is carried by Pˆ6.
We can also extend the pages of the open book in M \ Int Nbd(L;M) into Nbd(L;M)
with the binding L = {0} × S1 ⊂ Ds × S1 such that Rα′′ is transverse to the interior of
the pages and tangent to L. Thus Rα′′ is a monodromy vector field of the open book.
This completes the proof. 
Proof of Theorem 1.2. Let ξ be the given contact structure on M . By Theorem 2.1,
there exist an open book decomposition of M and a contact form α on M such that the
Reeb vector field Rα is a monodromy vector field of the open book. We may assume
that the genus of the page of this open book is at least 2 and the binding is connected by
using plumbings of positive Hopf bands. Note that this modification of the open book
does not change the contact structure [53]. Let P and α′′ be the positive flow-spine of M
and the contact form on M obtained in the proof of Proposition 8.2, where the Reeb flow
of α′′ is carried by P and gives a monodromy vector field of the open book. Since kerα
and kerα′′ are supported by the same open book, there exists a one-parameter family of
contact forms from kerα to kerα′′ [19] and hence, by Gray’s stability [20], there exists
an isotopy from kerα to kerα′′. In particular, there exists a contactomorphism ψ from
(M, kerα) to (M, kerα′′). Thus, we have proved that, for the given contact structure
kerα, ψ∗α′′ is a contact form such that kerα = kerψ∗α′′ and the flow generated by the
Reeb vector field Rψ∗α′′ is carried by the positive flow-spine ψ
−1(Pˆ6). That is, kerα is
supported by ψ−1(Pˆ6). This completes the proof. 
The next is a corollary of Theorem 1.2.
Corollary 8.3. Any flow-spine can be deformed to a positive flow-spine by applying first
and second regular moves successively.
Proof. For any homotopy class of non-singular flows, there exists a contact structure
whose Reeb flow belongs to the same homotopy class [7]. By Theorem 1.2, any contact
structure is supported by a positive flow-spine. Therefore, we can find a sequence of
regular moves that relates a given flow-spine with the positive one by Theorem 3.3. 
POSITIVE FLOW-SPINES AND CONTACT 3-MANIFOLDS 51
9. Determine contact structures of some positive flow-spines
In this section, we determine the supported contact structures for several positive
flow-spines using Seifert fibrations, coil surgeries, branched covers and regular moves.
9.1. Abalone and Seifert fibration. The following lemma will be used to determine
the contact structure supported by the positive abalone.
Lemma 9.1. The flow tangent to the fibers of the Seifert fibration in S3 whose regular
fiber is a (2, 3)-torus knot is carried by the positive abalone.
Proof. Consider a DS-diagram of the positive abalone described on the boundary of the
unit 3-ball B3 = {(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 1}, see the left in Figure 43. Let
Π : B3 → D2 be the projection to the unit disk D2 given by (x, y, z) 7→ (x, y). Note
that Π−1(∂D2) is the E-cycle. We choose the positions of the graphs on the upper and
lower hemispheres so that the images of these graphs on D2 by Π are as shown on the
right, where R+2 and R
−
2 are identified by the projection. The preimage Π
−1(a) of a
point a ∈ IntD2 is a vertical interval in B3 while that of a point on ∂D is a point on
the E-cycle. Set S1 = Π(R
+
2 ) = Π(R
−
2 ). Let S2 be the connected component of the
complement of the union of the images of the graphs by Π whose closure is adjacent to
S1 along an edge, and S3 be the other connected component, see the right in Figure 43.
DS-diagram
R+2
R−2
23
R+1
R−1
S1
S2
S3
e2
e2
e1
e1
e1
Π
B3 D2
Figure 43. The projection Π : B3 → D2.
We are going to give gluing maps of the regions R+1 and R
−
1 and also the regions
R+2 and R
−
2 on the upper and lower hemispheres so that each vertical interval Π
−1(a),
a ∈ IntD2, becomes an arc on a fiber of the Seifert fibration in the assertion. We first
glue the two regions R+2 and R
−
2 so that each vertical interval connecting these two
regions becomes a simple closed curve. Let ϕ denote the quotient map of this gluing.
Let a be a point in S1, see Figure 44. The quotient ϕ(Π
−1(a)) of the interval Π−1(a)
is a simple closed curve in S3 that intersects the region R2 only once transversely and
does not have any other intersection with P . From the figure of the positive abalone in
Figure 5, we see that such a simple closed curve is a (2, 3)-torus knot. This observation
works for any point in S1. Hence we may regard each fiber of the map ϕ(Π
−1(S1))→ S1
as a fiber of the Seifert fibration in S3 whose regular fiber is a (2, 3)-torus knot.
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23 e2
e2
e1
e1
e1
an exceptional fiber of order 2
a
Π−1(D)
D
V
V
Π−1(D)
R2
e2
Π−1(a)
Π−1(a)
Figure 44. The Seifert fibration of the positive abalone.
Next we extend this gluing map to that of Nbd(∂R+1 ;R
+
1 ) and Nbd(∂R
−
1 ;R
−
1 ) as
follows. Let D be a small disk intersecting ∂S1 as shown in Figure 44. We glue the
top and bottom disks Π−1(D)∩ ∂B3 of Π−1(D) as shown on the top-right in the figure,
where the union of the preimage Π−1(D) with this gluing and the piece V depicted in the
figure constitutes a solid torus. The Seifert fibration in the previous paragraph extends
to this solid torus by choosing the gluing of Π−1(D) and V suitably. Remark that each
fiber of the Seifert fibration passing through V intersects the region R1 twice. We extend
this gluing map to that of Nbd(∂R+1 ;R
+
1 ) and Nbd(∂R
−
1 ;R
−
1 ) in the same manner. As a
result, the fiber corresponding to a point in S1 intersects P once, the fiber corresponding
to a point in Int Nbd(∂S2;S2) intersects it twice and the fiber corresponding to a point
in Int Nbd(∂S3;S3) intersects it three times. We can extend this fibration to the regions
outside the two small open disks labeled with 2 and 3 in the figure. Until this time,
every fiber is regular. Finally, for the two solid tori corresponding to these two disks we
set the solid tori with exceptional fibers of index 2 and 3, and get the Seifert fibration
whose regular fiber is a (2, 3)-torus knot and whose fibers are transverse to the positive
abalone. Thus the assertion holds. 
Thus we have the following.
Corollary 9.2. The contact structure supported by the positive abalone is the standard
contact structure on S3.
Proof. The Reeb flow of the contact form (2(x1dy1 − y1dx1) + 3(x2dy2 − y2dx2))|S3 is
tangent to the fibers of the Seifert fibration in Lemma 9.1, where (x1 +
√−1y1, x2 +
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√−1y2) are the standard coordinates of C2 and S3 is the unit sphere in C2. The kernel
of this form is contactomorphic to the standard contact structure on S3. Thus the
assertion follows. 
9.2. Coil surgery. Let P be a flow-spine in a closed, connected, oriented, smooth 3-
manifold M . Choose a small ball B3p centered at a point p on an edge of S(P ). The
intersection B3p ∩P consists of three half-disks meeting along the edge B3p ∩S(P ), and let
D1 and D2 be the two of them that induce the same orientation on the edge. Suppose
that there exists a simple closed curve γ′ on P such that γ′ ∩ S(P ) = {p} and γ′ ∩Dj
is an arc starting at p for each j = 1, 2. The preimage γ, on the DS-diagram, of γ′
by the identification map ′ constitutes an arc, which is called a coil. For example, the
abalone has two coils γ1 and γ2 as shown on the left in Figure 45. The simple closed
curve γ′1 = ′(γ1) is shown on the right.
R2
e1
v
e2
R2
R1
R1
e2
e1
e1
v
v
v
e2
R1γ1
γ2
γ′1
R2
e2
e1
Figure 45. Coils on the abalone.
A closed neighborhood Nγ′ of γ
′ in M is a solid torus and the intersection ∂Nγ′∩P is a
branched theta-curve on the torus ∂Nγ′ . The branched theta-curve contains two simple
closed smooth curves θ1 and θ2, equipped with the orientations induced from that of
Nγ′ ∩P . The labels θ1 and θ2 are chosen as shown in Figure 46. Let 〈Θ,Φ〉 be the basis
of H1(∂Nγ′ ;Z) such that
• the orientation on ∂Nγ′ induced from that of Nγ′ coincides with that of (Θ,Φ);
• [θ1] = Θ and [θ2] = Θ + Φ.
Let  be the continuous map from B3 to the 3-manifold of the flow-spine introduced
in Section 3.2, where B3 is the 3-ball bounded by the 2-sphere of the DS-diagram. Note
that |S2 = ′. The solid torus Nγ′ is obtained as the image of a 3-ball Nbd(γ;B3) by the
map . Set Dγ = Nbd(γ;B
3) ∩ ∂B3, which is a disk on ∂B3 containing γ. For example,
the region bounded by the dotted curve in Figure 45 is Dγ1 . We denote 
′(Dγ) = P ∩Nγ′
by Pγ′ .
Consider the four kinds of annuli with graph shown in Figure 47, that can be found
in [50]. They are thought as parts of DS-diagrams. In the figure, dashed lines are parts
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θ1
θ2
Θ
Φ
Figure 46. The branched theta-curve on ∂Nγ′
of the E-cycle. A dotted edge is an arc on a region of the spine, not a part of the singular
set of the spine. Let A be one of these annuli given as a part of a DS-diagram and choose
a 3-ball BA in B
3 such that BA ∩ ∂B3 = A. The boundary of BA is the union of A and
two disks ∆0 and ∆1. We suppose that ∂∆0 is the boundary given by a3a2a1a
−1
3 a
−1
2 a
−1
1
and ∂∆1 is the one given by a
′
3a
′
2a
′
1(a
′
3)
−1(a′2)−1(a′1)−1. The image (BA) is T 2 × [0, 1],
where T 2×{j} = (∆j) for j = 0, 1. The image ′(A) constitutes a branched polyhedron
embedded in T 2 × [0, 1], which we denote by PA. The branched polyhedron PA has one
vertex, which is of `-type if A = HL¯ or HR and of r-type if A = HL or HR¯.
Let H = H1H2 · · ·Hk be a finite sequence of HL, HL¯, HR and HR¯. For each j =
1, . . . , k−1, we identify a′3a′2a′1(a′3)−1(a′2)−1(a′1)−1 of Hj with a3a2a1a−13 a−12 a−11 of Hj+1.
The 3-manifold obtained from BH1 ∪BH2 ∪ · · · ∪BHk by the identification map ′ is the
union of T 2 × [0, 1]’s, which is T 2 × [0, k], containing the branched polyhedron PH =
PH1 ∪PH2 ∪ · · · ∪PHk . Then we fill a′3a′2a′1(a′3)−1(a′2)−1(a′1)−1 of Hk by the hexagon H0
shown on the left in Figure 48 and obtain a disk DH. Let BH0 be the 3-ball in B3 such
that BH0∩∂B3 = H0 and set N0 = (BH0), which is a solid torus, and P0 = ′(H0), which
is a branched polyhedron in N0. The replacement of Dγ by DH yields a Dehn surgery of
M along γ′ that removes (IntNγ′ , IntPγ′) from M and glues ((T 2× [0, k])∪N0, PH∪P0).
This operation is called a coil surgery and, in this paper, we denote it by (γ,H).
Convention. The solid torus N0 is obtained from the cylinder shown on the right in
Figure 48 by identifying the top and bottom disks after pi/2-rotation. Orient the core
of N0 so that it intersects the branched polyhedron P0 in N0 positively. Then we orient
the meridian of (T 2× [0, k])∪N0 so that its meridian disk is positively transverse to the
oriented core of N0.
Lemma 9.3. Suppose that H = HkR, where k ≥ 0. Then the meridian of (T 2×[0, k])∪N0
is (k + 2)Θ + (k + 1)Φ.
Proof. The solid torus Nγ′ is obtained from the cylinder shown on the left in Figure 49
by identifying the top and bottom disks after pi/2-rotation. Therefore, the meridian is a
simple closed curve on ∂Nγ′ that intersects the polyhedron only along the boundary of
the top half-disk, which can be seen as shown on the right. That is 2Θ + Φ.
Next we attach T 2 × [0, 1] corresponding to HR to M \ IntNγ′ , where T 2 × {0} is the
attaching face. The figure in the middle in Figure 50 is a neighborhood of the `-type
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a3
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e1 e2
e3 e4
HL¯
e1
e1
e2
e2u
e3
e3
e4
e4
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a′2a′1
a′1a′2
a′3
p
p
p
q
q
q
u
u
u
a1
a1
a2
a2
a3
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e1 e2
e3 e4
HR
e1
e1
e2
e2
u
e3
e3
e4
e4
a′3
a′2a′1
a′1a′2
a′3
p
p
p
q
q
q
u
u
u
a1
a1
a2
a2
a3
a3
e1 e2
e3 e4
HR¯
e1
e1
e2
e2
ue3
e3
e4
e4
a′3
a′2a′1
a′1a′2
a′3
Figure 47. The annuli HL, HL¯, HR and HR¯.
p
p
p
q
q
q
a1
a1
a2
a2
a3
a3
e1
e1
e1
core
glue them
with pi-rotation
N0
H0
Figure 48. A DS-diagram of the solid torus N0.
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θ1
θ2
Θ
Φ
meridian
glue them
with pi-rotation
meridian
Figure 49. The union of blue and red arcs are the meridian of Nγ′ .
vertex in T 2×[0, 1], where T 2×{0} is the back side and T 2×{1} is the front side. We may
see how the branched theta-curve changes when we pass the vertex, and conclude that
the branched theta-curve on T 2 ×{1} is given as shown on the right in Figure 50. Thus
the meridian of the solid torus obtained from T 2× [0, 1] by attaching N0 along T 2×{1}
is 3Θ + 2Φ. Applying the same observation inductively, we obtain the assertion. 
Θ
Φ
meridian
θ1
θ2
Θ
Φ
meridian
T 2 × {0} T 2 × {1}
T 2 × {0}
T 2 × {1}
Figure 50. The branched theta-curves and meridians on T 2 × {0} and
T 2 × {1} for HR.
9.3. Seifert-coil surgery. We suppose that Nbd(∂Nγ′ ;M \ IntNγ′) consists of regular
fibers of a Seifert fibration that is positively transverse to P and the regular fiber is
pΘ + qΦ. After a coil surgery, the Seifert fibration in Nbd(∂Nγ′ ;M \ IntNγ′) canonically
extends to T 2 × [0, k]∪N0 with a single exceptional fiber along the core of the attached
solid torus. We call such a coil surgery a Seifert-coil surgery.
Lemma 9.4. Suppose H = HkR, q > p and q > 0. Then we may isotope PH ∪P0 so that
it is positively transverse to the fibers of the Seifert fibration in T 2 × [0, k] ∪N0.
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Proof. The two smooth curves in the branched theta-curve on T 2 × {0} are (θ1, θ2) =
(Θ,Θ + Φ). Those on T 2 × {1} are (2Θ + Φ,Θ + Φ) and those on T 2 × {2} are (3Θ +
2Φ,Θ + Φ). Hence, applying the same observation inductively, we may conclude that
those on T 2 × {k} are ((k + 1)Θ + kΦ,Θ + Φ). Since∣∣∣∣k + 1 pk q
∣∣∣∣ = (k + 1)q − pk = k(q − p) + q > 0 and ∣∣∣∣1 p1 q
∣∣∣∣ = q − p > 0,
the fibers of the Seifert fibration are positively transverse to P in T 2 × [0, k]. In N0,
P lies as shown on the left in Figure 49 and we may see that they are also positively
transverse to P in N0. 
Lemma 9.5. Suppose H = HkR, q > p and q > 0. Let α be a contact form on
Nbd(∂Nγ′ ;M \ IntNγ′) given in the form α = h2(r)dθ − h1(r)dφ whose Reeb vector
field Rα is tangent to the fibers pΘ + qΦ of the Seifert fibration, where ((r, θ), φ) are the
coordinates of Nbd(∂Nγ′ ;M \ IntNγ′) = [1, 2]× S1 × S1 such that [θ] = Θ and [φ] = Φ
in H1(∂Nγ′ ;Z). Then there exists a contact form α′ on (T 2 × [0, k]) ∪N0 such that
(1) α′ on (T 2 × [0, k]) ∪N0 is glued to α on Nbd(∂Nγ′ ;M \ IntNγ′) smoothly along
∂Nγ′ = T
2 × {0},
(2) the Reeb vector field Rα′ of α
′ is transverse to the flow-spine PH ∪ P0 obtained
in Lemma 9.4, and
(3) the contact structure kerα′ is positively transverse to the fibers of the Seifert
fibration.
Before proving the lemma, we recall how to read the contact structure of α = h2(r)dθ−
h1(r)dφ and its Reeb vector field Rα from a curve on the (h1, h2)-plane, that is used
in [28]. Let Γ : [0, r0] → R2 be a curve on the (h1, h2)-plane R2 that maps r to
(h1(r), h2(r)) and α be the 1-form given by α = h2(r)dθ − h1(r)dφ. This α is a contact
form if and only if dh1dr h2 − h1 dh2dr > 0, and its Reeb vector field Rα is given as
Rα =
1
dh1
dr h2 − h1 dh2dr
(
dh1
dr
∂
∂θ
+
dh2
dr
∂
∂φ
)
.
Then the curve Γ satisfies that
• (0, 0) 6∈ Γ([0, r0]) and Γ moves in the clockwise orientation,
• the line connecting (0, 0) and (h1, h2) represents the slope of kerα and the vector
(h2,−h1) represents the positive side of α, and
• the speed vector
(
dh1
dr ,
dh2
dr
)
is parallel to Rα and points in the same direction,
where we regard the axes h1 and h2 as θ and φ on ∂Nγ′ , respectively. See Figure 51.
Proof of Lemma 9.5. The meridian of Nγ′ is 2Θ + Φ and that of (T
2 × [0, k]) ∪ N0 is
(k+ 2)Θ + (k+ 1)Φ by Lemma 9.3. The smooth curves in the branched theta-curves are
Θ + Φ and (m+ 1)Θ +mΦ for m = 0, 1, . . . , k as confirmed in the proof of Lemma 9.4.
The positions of these meridians and the smooth curves in the theta-curves are shown in
Figure 52. Since the fibers of Seifert fibration on Nbd(∂Nγ′ ;M \IntNγ′) are pΘ+qΦ, the
Reeb vector field Rα near ∂Nγ′ is represented by the vector
t(p, q), that is, the contact
form α near ∂Nγ′ is represented by a short segment from r = 1 to r = 2 lying in the
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h1
h2
(h2(r),−h1(r))
Rα
Γ(r) = (h1(r), h2(r))
kerα
Figure 51. How to read kerα and Rα from the curve Γ(r) = (h1(r), h2(r)).
direction t(p, q) as shown in the figure. Note that the vector t(p, q) is transverse to the
two meridians and the smooth curves in the theta-curves by the assumption.
t(p, q)
h1
h2 Θ + Φ
(k + 2)Θ + (k + 1)Φ
2Θ + Φ
r = 2
r = 1
kerα
Figure 52. The contact form α′ on (T 2 × [0, k]) ∪N0.
Now we extend the coordinates of Nbd(∂Nγ′ ;M \ IntNγ′) to those of (T 2× [0, k])∪N0
by extending the coordinate r ∈ [1, 2] to r ∈ [0, 2]. Then extend the short segment to
r ∈ [0, 1] in the counter-clockwise orientation so that it ends at a point on the line of
(k+ 2)Θ + (k+ 1)Φ suitably, see the dotted curve in Figure 52. The curve should end on
the line of (k + 2)Θ + (k + 1)Φ since the line corresponds to the meridian after the coil
surgery. This curve gives a contact form on (T 2 × [0, k]) ∪N0 that satisfies the required
conditions. 
9.4. Two sequences of lens spaces. As we had seen in the proof of Lemma 9.1, the
Seifert fibration with index 2 and 3 can be read off from the DS-diagram of the abalone.
For each of the coils γ1 and γ2, the union of fibers of the Seifert fibration obtained as
the preimage of the region ∆γi in Figure 53 constitutes a solid torus and it is isotopic to
the solid torus of the coil. Therefore, we may apply Seifert-coil surgeries for these coils.
Lemma 9.6. (1) The longitude of the knot γ′1 in S3 is −Θ and the fibers of the
Seifert fibration are Θ + 2Φ on ∂Nγ′1.
(2) The longitude of the knot γ′2 in S3 is −3Θ−Φ and the fibers of the Seifert fibration
are Φ on ∂Nγ′2.
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23 e2
e2
e1
e1
e1γ1
∆γ1
γ2
∆γ2
Figure 53. The disks ∆γ1 and ∆γ2 for Seifert-coil surgeries.
Proof. The diagram on the left in Figure 54 represents the complement S3 \ IntNγ′1 ,
which is obtained from the 3-ball bounded by the 2-sphere with the diagram shown in
the figure by identifying the regions R+i and R
−
i for each i = 1, 2, 3. The homology cycles
[2x3 + a2 + a1] and [x3] are 0 since these are the boundaries of the disks R1 and R2 in
the complement, respectively. Hence [a1 + a2] = 0. Since a1 ∪ a2 is a simple closed curve
on ∂Nγ′1 that is null-homologous in the complement, it is the preferred longitude. As
shown on the right in the figure, we have Θ = −a1 − a2 and hence [Θ] = 0. Since the
longitude is positively transverse to the meridian, the longitude is given as −Θ. Each
fiber of the Seifert fibration intersects the meridian three times in the positive direction
and the longitude two times in the negative direction. Hence it is Θ + 2Φ.
R+2
x1
x3R−2
R+1
R−1
x3
x1
x2
γ1
Θ
Φ
x1 x3
x2
x2
R+3
R−3
a2
a1
a3
a1
a2
a3
a1
a2
a3
a2
a2 a1
a3
Figure 54. S3 \ IntNγ′1 , Nγ′1 and ∂Nγ′1 .
The second assertion can be proved analogously. 
Theorem 9.7. The positive flow-spines given by the DS-diagrams shown in Figure 55
support tight contact structures on L(n, 1) for n ≥ 1 and L(2n− 1, n) for n ≥ 2.
Proof. The DS-diagram on the left in Figure 55 is obtained from the DS-diagram of the
positive abalone in Figure 45 by the Seifert-coil surgery (γ1,Hn−1R ). The DS-diagram on
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L(n, 1) L(2n− 1, n)
Figure 55. DS-diagrams of L(n, 1) and L(2n− 1, n).
the right is obtained by the Seifert-coil surgery (γ2,Hn−1R ). The 3-manifolds represented
by the DS-diagrams on the left and right in Figure 55 are homeomorphic to L(n, 1) and
L(2n − 1, n), respectively, from Lemmas 9.3 and 9.6. The fibers of the Seifert fibration
on ∂Nγ′1 are given as Θ + 2Φ and those on ∂Nγ′2 are given as Φ. Hence, the assumption
in Lemma 9.5 is satisfied in both cases. By Lemma 9.4, the positive flow-spines obtained
by these surgeries are positively transverse to the fibers of the Seifert fibrations of L(n, 1)
and L(2n−1, n). Let α be a contact form on S3\Int (Nγ′1∪Nγ′2) = ([0, 1]×S1)×S1 whose
Reeb vector field Rα is tangent to the fibers of the Seifert fibration, which can be given
in the form h2(r)dθ − h1(r)dφ near the boundary. Note that we can find such a 1-form
by the argument in [28]. By Lemma 9.5, we can extend this 1-form to the whole S3 so
that its contact structure is positively transverse to the fibers of the Seifert fibration and
its Reeb vector field is transverse to the positive flow-spine PHn−1R ∪P0. Thus the contact
structure is supported by the corresponding positive flow-spine in Figure 55, and it is
tight by [43, 38]. This completes the proof. 
9.5. Contact structures of positive flow-spines with up to 3 vertices. There are
only one positive flow-spine with one vertex, three positive flow-spines with two vertices,
and nine positive flow-spines with three vertices. The DS-diagrams of these flow-spines
are listed in the appendix. In this subsection, we show that the contact structures
supported by them are all tight.
By the discussion in the previous subsections, we know the following.
(i) The positive abalone 11 supports the standard contact structure on S
3 (Corol-
lary 9.2).
(ii) 22, 35 and 36 support tight contact structures on RP3, L(3, 2) and L(5, 2) by
Theorem 9.7, respectively.
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Furthermore, from the DS-diagrams in the list, we see that
• 21 is obtained from 11 by taking the double branched cover along the index 2
exceptional fiber of the Seifert fibration in Lemma 9.1.
• 23 is obtained from 11 by taking the double branched cover along a regular fiber
of the Seifert fibration in Lemma 9.1 intersecting the region R2.
• 31 is obtained from 11 by taking the 3-fold branched cover along the index 2
exceptional fiber of the Seifert fibration in Lemma 9.1.
• 38 is obtained from 11 by taking the 3-fold branched cover along a regular fiber
of the Seifert fibration in Lemma 9.1 intersecting the region R2.
The Seifert fibration of S3 in Lemma 9.1 induces Seifert fibrations for these branched
covering spaces canonically. The standard contact structure, mentioned in Corollary 9.2,
also induces contact structures on these branched covering spaces whose Reeb flows are
carried by the flow-spines obtained by the branched covers. These contact structures are
tight by [43, 38].
In summary, we have the following conclusion.
(iii) 21 and 31 support the standard contact structure on S
3.
(iv) 23 supports the unique tight contact structure on L(3, 2).
(v) 38 is a flow-spine of the quaternion space and it supports the contact structure
of the link of the singularity {(x, y, z) ∈ C3 | x2 + y3 + z3 = 0} ∩ S3ε given by
the complex tangency, where S3ε is the 5-sphere centered at the origin and with a
sufficiently small radius ε > 0. This contact structure is fillable and hence tight.
Note that the uniqueness of the tight contact structure on L(3, 2) in (iv) follows from
Table 1 in Section 2.
Remark 9.8. By considering the n-th cyclic branched cover along a regular fiber of the
Seifert fibration in Lemma 9.1 intersecting the region R2, we may obtain a positive flow-
spine that supports the contact structure of the link of the singularity {(x, y, z) ∈ C3 |
x2+y3+zn = 0}∩S3ε given by the complex tangency, see [45]. These contact structures are
fillable and hence tight. In particular, when n = 5, the DS-diagram constitutes a regular
dodecahedron and the corresponding 3-manifold is the Poincare´ homology 3-sphere.
The flow-spine 37 is obtained from 23 by applying a first regular move in Figure 56.
Since this move can be done with keeping the transversality of the flow-spine and the
Reeb vector field of 23, the contact structures supported by these flow-spines are the
same. Thus
(vi) 37 supports the unique tight contact structure on L(3, 2).
e4
e3
e2e1 e5
e6
e5
e1
e3
e1 e4e4
e2
e3 e2
e1
Figure 56. A first regular move between 23 and 37.
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The remaining positive flow-spines are 32, 33, 34 and 39. The 3-manifolds of 32, 33, 34
and 39 are RP3, S3, RP3 and L(4, 3), respectively. These can be verified easily since, as
we will see in the proofs of the following lemmas, the manifolds corresponding to these
flow-spines are obtained from S3 by Dehn surgery along either a trivial knot or a Hopf
link.
Lemma 9.9. 33 supports the standard contact structure on S
3.
Proof. 33 is obtained from 11 by the Seifert-coil surgeries (γ1,HL¯) and (γ2,HL¯). Let α
be a contact form on S3 whose Reeb vector field Rα is tangent to the fibers of the Seifert
fibration in Lemma 9.1. We then apply the two Seifert-coil surgeries for sufficiently
narrow neighborhoods Nγ′1 and Nγ′2 of γ
′
1 and γ
′
2. We extend the 1-form α on S
3 \
Int (Nγ′1 ∪ Nγ′2) to the solid torus attached to ∂Nγ′1 as shown in Figure 57 and also
extend α to the solid torus attached to ∂Nγ′2 analogously. The longitude in the former
case, shown in the figure, is −Θ and that in the latter case is −3Θ − Φ by Lemma 9.6.
So, in the latter case, the longitude before the surgery in Figure 57 should be replaced
by −3Θ − Φ. The fibers of the Seifert fibration on ∂Nγ1 and ∂Nγ2 are also given in
Lemma 9.6. Comparing these information in the figure, we may verify that the obtained
contact structure is positively transverse to the fibers of the Seifert fibration and the Reeb
vector field is positively transverse to 33. This contact structure is tight by [43, 38]. This
completes the proof. 
h1
h2 Θ + Φ : meridian after the surgery
2Θ + Φ : meridian before the surgery
kerα
−Θ
longitude before the surgery
r = 0
Figure 57. Make a contact form for 33.
As written in Table 1, RP3 admits a unique tight contact structure [9].
Lemma 9.10. 34 supports the tight contact structure on RP3.
Proof. 34 is obtained from 11 by the Seifert-coil surgeries (γ1,HL¯) and (γ2,HR). The
fibers of the Seifert fibration on Nγ′1 are given as Θ + 2Φ, which satisfies the condition in
Lemma 9.5. Let α be a contact form on S3 \ Int (Nγ′1 ∪Nγ′2) = ([0, 1]× S1)× S1 whose
Reeb vector field Rα is tangent to the fibers of the Seifert fibration. Applying Lemma 9.5
with k = 1 for Nγ′1 and the argument in the proof of Lemma 9.9, we can extend α to
the whole RP3 such that the obtained contact structure is positively transverse to the
fibers of the Seifert fibration and the Reeb vector field is positively transverse to 34. The
contact structure is tight by [43, 38]. This completes the proof. 
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Lemma 9.11. 32 supports the tight contact structure on RP3.
Proof. The Seifert fibration of the flow-spine 21 can be seen as in Figure 58. We can
see that the core of the solid torus of the coil γ is in the position of the exceptional
fiber of index 3. Hence the coil surgery of γ can be regarded as a Seifert-coil surgery.
It can be checked that 32 is obtained from 21 by the Seifert-coil surgery (γ,HR). The
longitude of the knot γ′ in S3 is −Θ on ∂Nγ′ , which can be verified by the same method
as in Lemma 9.6. Since the Seifert fibration has no other exceptional fiber, each fiber of
the Seifert fibration on ∂Nγ′ intersects the meridian of γ
′ three times positively and the
longitude once negatively, which is −Θ + Φ. This satisfies the conditions in Lemma 9.5.
Hence we have the assertion by the lemma and [43, 38]. 
e1
e4
e4
e3
e3
e2
e2
3
e1
e1
e3
R2
R1
e1
e1
v
e2
R1
R3
v
v
v
u
u
u
u
R3
R2e1
e4 e4
e4
e3
e3
e2
e3
e2
γ γ
∆γ
Figure 58. The coil γ on 21 and the disk ∆γ for the Seifert-coil surgery.
The tight contact structure on L(4, 3) is unique as written in Table 1 in Section 2.
Lemma 9.12. 39 supports the tight contact structure on L(4, 3).
Proof. We first consider the flow-spine P obtained from 11 by the Seifert-coil surgeries
(γ1,HL) and (γ2,HR). Remark that the solid torus HL of the first surgery has an r-type
vertex. Hence P is not a positive flow-spine. The Seifert-coil surgery for γ2 can be done
as before. We observe the Seifert-coil surgery for γ1. The fibers of the Seifert fibartion
are Θ + 2Φ as in Lemma 9.6. The two smooth curves in the branched theta-curve on
T 2×{0} are (θ1, θ2) = (Θ,Θ + Φ) and those on T 2×{1} are (Θ, 2Θ + Φ), see Figure 59.
Since ∣∣∣∣1 10 2
∣∣∣∣ = 2 > 0 and ∣∣∣∣2 11 2
∣∣∣∣ = 3 > 0,
the fibers of the Seifert fibration are positively transverse to PHL∪P0. Since the meridian
after the surgery is 3Θ + Φ as shown on the right in Figure 59, we may find a contact
form whose Reeb vector field is transverse to PHL ∪ P0 and whose contact structure is
transverse to the fibers of the Seifert fibration as in the proof of Theorem 9.7. This
contact structure is tight by [43, 38]. Thus we obtain the flow-spine P and a contact
form α on L(4, 3) whose Reeb flow is carried by P . The DS-diagram of P is given in
Figure 60, where the vertex w is of r-type.
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Θ
θ1
θ2
Θ
Φ
meridian
T 2 × {0} T 2 × {1}
T 2 × {0}
T 2 × {1}
Φ
meridian
Figure 59. The branched theta-curves and meridians on T 2 × {0} and
T 2 × {1} for HL.
R2
R1
e2
e1
v
R1
R3
v
u
R4
e4
e3
e2
e1
R3
v u
e3
e2
uw
w
e6e5
e5
w
w
e6
e5
e6
e1
R4
R2 uv
e4
e4
e3
Figure 60. The DS-diagram of P .
We then isotope P by first and second regular moves as shown in Figure 61, which
is done with keeping the transversality of the flow-spine and the Reeb flow of α. The
resulting flow-spine is 39. This completes the proof. 
Summarizing the assertions in this subsection, we obtain the following statement.
Theorem 9.13. The contact structures supported by positive flow-spines with up to 3
vertices are all tight.
On the other hand, there is a positive flow-spine with 5 vertices that supports an
overtwisted contact structure.
Theorem 9.14. The positive flow-spine shown in Figure 62 supports the overtwisted
contact structure on S3 whose homotopy class is the mirror of the standard contact
structure.
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e1
R4
w
v
ue5
e4
e2
R4
w
v
u
e5
e4P 39
e3e4
e1
Figure 61. Move from P to 39.
v1
v2
v2
v3
v4
v5
v3
v1 v3 v4
v2 v1
v5
v3
v1
v2
e2e1
e3
e4
e5
e7
e8
e10
e10
e1
e2
e3
e8
e4
e6
e7
R1
R2
R2
R3
R5
R5
R6
R6
e2
e3 e4
e1
e6
e7
e9e10
v5
v4
v4
e9
R1 R3
R4
R4
e5
e6
e9
v5
e8
e5
Figure 62. A positive flow-spine supporting an overtwisted contact structure.
Proof. Let P be the positive flow-spine given by the DS-diagram in Figure 62. We
will show that a Reeb flow carried by P is homotopic to a flow carried by the negative
abalone. In particular, the contact structure is overtwisted by the classification of contact
structures on S3 due to Eliashberg [7, 9].
The neighborhood of the singular set of P is as shown on the left in Figure 63. Applying
first and second regular moves, we obtain the flow-spine P ′ on the right. The vertex u
is of `-type and the vertices v and w are of r-type. Note that we may need to homotope
the flow during these moves.
The DS-diagram of P ′ is shown on the left in Figure 64. We further homotope the
flow so that Tˆ+(e1) ∩ e3 = ∅ as shown on the right in Figure 64, where Tˆ+ is the map
introduced in Section 3.3 and the figure is the one obtained from the DS-diagram of P ′
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R6
v2
e7
e5
e8
e9 e8
e9e10
e1e10
e2
e3
e4
e6
v1
v3
v4
v5
R5
e8
e9 e8
e9e10
e1e10
e1e1
u
v
w
P P ′
Figure 63. Apply regular moves.
by identifying two points connected by an orbit of the non-singular flow in the 3-ball. In
particular, Tˆ+(e1) is contained in the region R1.
v
v
e2
e1
e3e4
e5
e1
e2
e4
R1
e4
e6
e5
e6
e3
e1
e6
e5
u
w u
u
v
w
R2
R3 R4
R2
R3
v
v
e2
e1
e3e4
e5 R1
e6
e3
u
w u
R2
e1
w
w
w
u
Tˆ+(e1)e2
e3
u
w
v
R1 R4
R3
Figure 64. Homotope the flow so that Tˆ+(e1) is contained in R1.
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Now we cleave the branch of P ′ as shown in Figure 6 and obtain the normal pair
(F ,Σ). By this cleaving, each edge ej splits into two edges one of which lies on the
boundary of the disk and the other lies in the interior of the disk. We denote the one on
the boundary by the same character ej and denote the other by e˜j . The disk Σ of the
normal pair is as shown on the left in Figure 65.
v
v
e2
e1
e3e4
e5
e6
u
w u
e˜1
w
w
N(e˜1)
Tˆ+(N(e˜1))
F
v
Σ
Σ
u
Figure 65. Make a new normal pair (F ,Σ′).
To show the assertion, we make a new normal pair (F ,Σ′) as follows. Let N(e˜1) be
an open neighborhood of the closure of e˜1 in Σ. Since the flow is chosen so that Tˆ+(e1)
is contained in R1, Tˆ+(N(e˜1)) is in the position shown on the left in Figure 65, which is
also contained in R1. We remove N(e˜1) from Σ, which splits Σ into two disjoint disks,
and connect these two disks by a band transverse to the flow F near the orbit passing
through the vertex v as shown on the right in Figure 65. Then we can check that the
pair of F and the obtained disk Σ′ is a normal pair. Since N(e˜1) is removed from Σ,
(F ,Σ′) does not yield the vertices u and w. Moreover, since Tˆ+(N(e˜j)) is contained in
R1, Tˆ+(∂Σ
′ \ ∂Σ) does not meet ∂Σ′, where Tˆ+ is the map defined from the normal
pair (F ,Σ′). This means that the flow-spine obtained from (F ,Σ′) has no vertex other
than v. Since v is of r-type, the flow-spine is the negative abalone. This completes the
proof. 
9.6. Complexity of contact 3-manifolds. The surjection from the set of positive
flow-spines to the set of contact 3-manifolds proved in this paper allows us to define a
complexity for the set of contact 3-manifolds as an analogy of the Matveev complexity
for the set of usual 3-manifolds, see [41, 42].
Definition. For a contact 3-manifold (M, ξ), we define the complexity c(M, ξ) of (M, ξ)
by the minimum number of vertices of a positive flow-spine that supports ξ.
The next statement is an immediate consequence of Theorem 1.2.
Corollary 9.15. c(M, ξ) <∞.
Here c(M, ξ) =∞ means that there is no positive flow-spine of M that supports ξ.
By the definition of the complexity, it satisfies the following properties:
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• For each n ∈ N, there exists at most finitely many contact 3-manifolds with
complexity n.
• c(M) ≤ c(M, ξ), where c(M) is the Matveev complexity of M .
Theorem 1.3 in the introduction is obtained by summarizing the observations in the
previous subsection.
9.7. Closing questions. We close this paper with two questions concerning flows car-
ried by positive flow-spines.
Question 1. Does any flow carried by a positive flow-spine have a closed orbit?
Question 2. Is any Reeb flow on a contact 3-manifold carried by a positive flow-spine?
As is well-known, the Weinstein conjecture states that any Reeb flow in a closed,
oriented, odd-dimensional manifold has a closed orbit and this is proved for all closed
3-manifolds affirmatively by Taubes [51]. In general, many non-singular flows on a closed
3-manifold, such as irrational flows in the 3-torus and counterexamples [48, 36, 37] of
the Seifert conjecture [49], do not have closed orbits. One may ask if there exists a
“combinatorial condition” for the existence of closed orbits. We pose that the positivity
of flow-spines might be such a condition, that is asked in Question 1. If the answer is yes,
one may further ask if there is any relation between closed orbits and the DS-diagram. If
the answer of Question 2 is also yes, these two affirmative answers imply an alternative
proof of the Weinstein conjecture for Reeb flows in contact 3-manifolds.
Appendix A. List of positive flow-spines with up to 3 vertices
The labels R1, R2, R3 and R4 represent the regions of the flow-spine, e1, . . . , e6 repre-
sent the edges of its singular set, and u, v, w represent the vertices. The round circle is
the E-cycle of the flow-spine, which is oriented in the counter-clockwise orientation. The
edges e1, . . . e6 are also oriented according to this orientation. The notation ξstd means
the standard contact structure on S3 and ξtight means a tight contact structure.
R2
e1
v
e2
R2
R1
R1
e2
e1
e1
v
v
v
e2
11 (S3, ξstd)
The positive abalone.
R2
R1
e1
e1
v
e2
R1
R3
v
v
v
u
u
u
u
R3
R2e1
e4 e4
e4
e3
e3
e2
e3
e2
21 (S3, ξstd)
The double branched cover of 11 along
a trivial knot.
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R1
e2
e1e3
v
v
e1
v
e4
R3
v
e3
e2
u
u
u
e4
e4
e1
u
R1
R2
R3
R2
e2
e3
22 (RP3, ξtight)
This is obtained from 11 by the coil
surgery (γ1,HR).
R2
R1
e1
e1
v
e2
R1
R3 v
v
v
u
u u
u
R3
R2
e1
e4
e4
e4
e3
e3
e2
e3e2
u
23 (L(3, 2), ξtight)
The double branched cover of 11 along
the trefoil.
R2
R1 e1
e1
we2
R1
R3
v u
R3
R2
e1
e4
e4
e4
e3
e3
e2
e3 e2
e5 e6
e5
e6
e6
R4
R4
e5
w
w
u
u
v
v
w
u
v
31 (S3, ξtight)
The 3-fold branched cover of 11 along
a trivial knot.
R2 R1
e1
e1
u
e2
R1
R3
v
u
u
R2
e4
e4
e3
e2
e2
R4
v
w
e5
e6
R4
w
v
w
e6
e3
e4
R3
u
e5
w
v
e6
e1
e5
e3
32 (RP3, ξtight)
This is obtained from 21 by the coil
surgery (γ,HR) along γ shown on the
left in Figure 58.
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e1
e1
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e2
R1
R3
v
v
u
u
R2
e4
e4
e3
e2
e2
R4
v
w e5
e6 R4
w
v
w
e6
e3
e4 R3
u
e5
e5
e6e3
33 (S3, ξtight)
This is obtained from 11 by the coil
surgeries (γ1,HL¯) and (γ2,HL¯).
R2
R1
e2
e1
v
R1
R3v
u
u
R4
e4
e4
e3
e3
e2
e1
R3
v
u
e3
e2 u
R4
w
w
e6
e5
e5
w
w
w
e6
e5
e6
e1
e4
34 (RP3, ξtight)
This is obtained from 11 by the coil
surgeries (γ1,HL¯) and (γ2,HR).
R1
e2
e1e4
v w
e1
v
e4
R4
w
e4
e2
u
u
u
e5
e6
e1
v
R1
R3
R4
R2
e2
e3
v e5
e6
w
e3
u
e5
e6
w
R2
R3
e3
35 (L(3, 1), ξtight)
This is obtained from 11 by the coil
surgery (γ1,H2R).
R2
R1
e2
e1
v
R1
R3
v
u
R4
e4
e3
e2
e1
R3
v
u
e3
e2
u w
w
e6
e5
e5 w
w
e6
e5
e6
e1
R4
R2
u
v
e4
e4
e3
36 (L(5, 2), ξtight)
This is obtained from 11 by the coil
surgery (γ2,H2R).
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e1e4
v
w
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v
e4
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w
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e2
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u
u
e5
e6
e1
v
R1
R3
R4
R2
e2
e3
v
e5
e6
we3
u
e5
e6
w
R2
R3
e3
37 (L(3, 2), ξtight)
This is obtained from 23 by a first reg-
ular move.
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v
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w
e6e5
e6
e1
R4R2
u
e4
e4
e3
v
38 (quaternion space, ξcanonical)
The 3-fold branched cover of 11 along
the trefoil.
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R1
e2
e1
v
R1
R3
v u
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e1 R3
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ww
e6
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e6
e5 e6
e1
R4
R2
u
v
e4
e4
e3
39 (L(4, 3), ξtight)
This is obtained from 11 by applying the coil surgeries
(γ1,HL) and (γ2,HR) and then eliminating the r-type vertex
in HL.
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